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Introduction

The equations of magnetohydrodynamics, often abbreviated as MHD equations, describe the mo-
tion of an electrically neutral conducting fluid like plasmas, highly concentrated salt water and
liquid metals. When considering this type of fluids, the classical Navier-Stokes equations do not
adequately describe their motion, since they do not account for the additional electromagnetic
forces influencing the motion, in this case given by the Lorentz force. We will give a brief deriva-
tion of the equations following Jackson [49, Chapter 10], where we skip physical arguments and
at the moment do ignore any physical constants that might occur. For a more detailed approach
we refer to Davidson [25] or Landau and Lifshitz [63, Chapter VIII], where the underlying physi-
cal considerations are presented in an easily comprehensible manner. The behaviour of a viscous
incompressible fluid is described by the velocity u(¢,z) and the pressure p(¢,x) for time ¢ in some
interval (0,T) and point 2 €  in some spatial domain 2 C R3. The momentum equation is given
by

ou —Au+Vp+ (u-Vu=F+ (J xB) in (0,T) x Q

with an external force F' acting on the fluid, e.g., the gravitational force, current density J and
magnetic field B. We are considering incompressible fluids, hence the continuity equation is given
by divu = 0. Therefore, the force equations of the Navier-Stokes and MHD equations seem quite
similar, but because the Lorentz force J x B is influenced by the motion of the fluid we need to
consider additional equations. Since it is an electromagnetic force, we have to consider the Maxwell
equations. For magnetic field E' and charge density p they are given by

div E = p,
V xB—-0,E =J,
VxE+0,B=0,
divB =0,

(ME)

where as before we omitted constants. This formulation is also applicable for considerations on a
microscopic level. For the MHD equations we neglect displacement current and hence the second
equations simplifies to V x B = J. From physical considerations, i.e., Ohm’s law, we derive
J = F +u x B. To obtain the time evolution of B within the equations and to eliminate F, we
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Introduction

apply the rotation to the previous identities and combine them with the momentum equations to
conclude

Ou—Au+Vp+ (u-V)u=F + ([V x B] x B) in (0,7) x Q,
VX [VxB]=-0:B+V x[ux B] in (0,7) x Q,
divB =0, divu =0 in (0,T) x Q.

To examine these equations from a mathematical point of view, one needs to supplement the
system with boundary conditions. The standard boundary conditions for these equations are a
no-slip boundary condition for u, i.e., u = 0 on 02, and the perfect conductivity condition for
E, i.e., E xn =0 on dN) where n is the outer normal vector to 2. We briefly follow the ideas
of Yoshida and Giga [87] to derive boundary conditions for B. Since V.x B =.J = E+u x B,
we obtain [V X B] x n = 0 on 99 because E x n = 0 and u vanishes on the boundary. By
making use of the divergence theorem we see that £ x n = 0 implies [V x E]-n = 0 and thus
we obtain (9;B) - n = 0 by the third equation of (ME). This implies B - n = Bj for given Bj.
Before we state the full system of equations, we remark that the magnetic field B will often also
be denoted by H. From a mathematical point of view the notations are interchangeable, but in
physics they refer to different but very closely related fields. In a vacuum they differ by a factor,
but otherwise by an additional term M called the magnetization of the material, for details see
Jackson [49, Section 5.8]. For this thesis we will denote the magnetic field by H. Since div H = 0 it
holds V[V x H] = —AH and together with [Vx H]xH = (H-V)H—1V|H|?, the non-dimensional
equations of magnetohydrodynamics are given by

8tu—1/Au+Vp+gV\H|2+(u-V)u:F+S-(H-V)H in (0,7) x Q,

(MHDT) 8tH7uAH:Vx[u><H] in (O,T)XQ,
diveu =0, divH =0 in (0,T) x Q,

u=0, H-n=DB;, cuwlHxn=0 on (0,7T) x 09,

with constants u, v, S. For details on the constants we refer to Landau and Lifshitz [63, Chapter
VIII] or Sermange and Temam [75]. The functions By and F are given and since the time-derivative
of H-n vanishes on the boundary by the previous considerations, we derive that By does not depend
on time. This means that the magnetic field By can be seen as the intrinsic field of the medium of
the boundary.

Before we continue, we briefly remark some of the existing theory for the initial value problem
of (MHDT), i.e., under the additional conditions u(0,2) = ug(z) and H(0,z) = Hy(z) for known
functions ug and Hy. Existence of weak and strong solutions in L can be found in Ladyzhenskaya
and Solonnikov [62, Chapter 6], Giga and Yoshida [87] and Sermange and Temam [75]. The last
paper collects a variety of general existence and uniqueness results in its Chapter 3 and only Giga
and Yoshida considered B; # 0. Note that for existence of strong solutions some kind of smallness
has to be assumed, either in the time 7" > 0 or in the norms of the initial values (ug, By) and the
external force F.

For results in L, we note that global existence of solutions has been proven in L3 by Akiyama [2]
in a bounded domain and by Yamaguchi [84] in an exterior domain. Li and Wang [64] considered
the problem in L, (L,) for a bounded domain and showed local and global existence of solutions for
21— %) € (0,1). Note that their result does not include the solutions constructed by Akiyama.
The focus of this thesis lies on the existence of time-periodic solution to (MHDT), i.e., we want to
find solutions (u, H, p) such that u(t+7,z) = u(t,z), Ht+T,x) = H(t,z) and p(t+T,z) = p(t, x)
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Introduction

for all ¢ € R and a given time-period 7 > 0. One of the most popular ways to obtain a time-
periodic solution is to employ the so-called Poincaré operator. The idea of this operator is to map
the initial value to the value of the corresponding solution at time 7. For the MHD equations
this would mean one maps (ug, Hp) onto (u(7), H(T)) with (u, H) solving (MHDT). A periodic
solution would exist if this mapping has a fixed point. The main challenge for this approach is
to find Banach spaces such that this operator is well-defined and a fixed point exists. An early
application can be found in Browder [19] for example.

A different approach is due to Arendt and Bu [9], who showed that a good understanding of an
operator, e.g., the generation of a Cj-semigroup, maximal regularity of the initial value problem
and invertibility, suffices for the existence of time-periodic solutions to the corresponding linear
problem. Additionally, they showed that existence of periodic solution can also be concluded from
R-boundedness of a sequence of resolvents. An application of their result to time-periodic problems
can for example be found in Hieber and Stinner [45].

All of the previous approaches conclude existence of time-periodic solutions from the study of
the associated initial value problem. Recently Kyed [60] proposed a different way to approach
time-periodic problems. He reformulated the problem into a time-periodic setting by considering
the problem not on R but on T = R/7Z and by decomposing the problem into a steady-state
and a purely periodic part. The decomposition idea can also be found in Galdi [36,37] and was
developed in a joint effort. Before we explain the advantage of their approach, we remark that
the reformulation onto T has been used before, see for example Rabinowitz [69,70]. But the
approaches were limited to Lo, since they relied on the usage of Plancherel’s theorem, or to the
space of absolutely convergent Fourier series. Therefore, the central idea of their approach is the
splitting of the problem and considering the resulting problem separately in different function
spaces.

To obtain the decomposition, for a time-periodic f defined on (0, 7") X2 we introduce the projections

1 T
Pf= /0 fsz)dt, PLfi= f—PFf

Since the function Pf is independent of time, it is the mentioned steady-state, and P, f is the
purely periodic part. The stationary part of the linearised problem can usually be handled by
standard theory for elliptic equations. For the purely periodic part the idea is to use the Fourier
transform #¢, on G, := T x R™ given by

-
(FT) Fa, [k, &) = 7,(217T),5 //f(t,x) e~ E—iFERt 0.4t

0 R»

The resulting function .#¢_ [f] is defined on Z x R™, and the purely periodic part satisfies

Za,[PLf1(0,£) = 0.

To construct time-periodic functions, a combination of classical Fourier multiplier results and a
transference principle can be applied to yield existence of solutions on T x R™. Afterwards, classical
methods of reflection and localisation can be used to construct solutions in sufficiently smooth
domains. Applications of this technique can for example be found in Celik and Kyed [20,21], Eiter
and Kyed [30] or Kyed and Sauer [61].

The advantage of this approach is clear: One directly constructs time-periodic solutions and there-
fore avoids considerations of initial value problems or the concept of R-boundedness. But since
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this strategy is rather new, the general theory of time-periodic function spaces is not as developed
as for the initial value problems. A part of this thesis aims the development of further theory on
time-periodic function spaces. For Lebesgue and Sobolev spaces it is readily checked that most of
the properties needed for the theory of parabolic boundary problems hold true in the time-periodic
framework as well. Additional theory is needed when, similarly to the work of Li and Wang [64],
considering the problem in L, (T, L,(£2)). It is known that in this setting the problem of boundary
traces becomes more involved, see Weidemaier [81] and Denk, Hieber and Priiss [27]. Namely the
resulting trace space is an (anisotropic) Triebel-Lizorkin space. The cited works determine it as an
intersection of Triebel-Lizorkin spaces, whereas later work of Johnsen and Sickel [56] proved the
anisotropic result. Since these trace results are fundamental for a comprehensive theory of time-
periodic boundary value problems, we will extend the results of Johnsen and Sickel in Chapter 3
to time-periodic functions.

For classical Triebel-Lizorkin spaces one takes a partition of unity of R™ with smooth functions
(¢)jen, such that their supports are contained in some annuli 4; := {z € R" | 42971 < |z| < B27}
for j € N and suitable constants A, B, and a ball A containing the origin such that Z?io pi(xz)=1
for all x € R™. For the anisotropic version the idea is similar, but makes use of an anisotropic
distance function introduced by Fabes and Riviere [32] and extended by Yamazaki [85], see Sec-
tion 1.4. It results in a decomposition where the support of the functions ¢; is not rotational
symmetric with respect to its arguments but distorted by a vector @. The norm is defined in the
same way. For u € .%/(R"™) set

o0
uj = FpipjFrnu  so that u= Zuj
=0

and define the norm of anisotropic Triebel-Lizorkin spaces F;f(R”) with regularity parameter
s € R by

|

5,8 (pmy i = 259415} .
Fy R H{ siero Ly(R™,£,(No))

The Ly-norm is applied in each variable inductively, i.e., the L,, (R)-norm is applied with respect
to the variable ;. Additionally, a scalar in the place of a vector denotes the vector that is constant
in its entries, e.g., @ = 1 means @ = (1,1,...,1). Standard theory shows Fg;(R") = W’g.(]R") for
k € Ng, and it holds

FUELR x R) = Wh(R, Ly (R")) N Ly(R, W(R™)),
which is the classical parabolic space. The last identity is one of the major reasons why these
spaces are of interest.

In Section 3.1 we define the corresponding time-periodic version qu(;ﬁ(’ﬂ‘ x R™) with anisotropy
(b,@) and show well-definedness and properties similar to those of classical spaces. These spaces
have not been considered beforehand and some of the classical results and approaches are not
applicable due to the structure of the underlying space T x R™. Therefore, we prove a transfer-
ence principal for vector-valued multipliers and an anisotropic Littlewood-Paley decomposition in
Sections 2.2 and 2.3, which in turn can be used to reproduce the identity

W(T, Ly (R™)) N Ly (T, W2(R")) = F. 2 (T < R™).

As a next step we come back to the trace problem and we see the advantage of working with Triebel-
Lizorkin spaces in this context. By the Paley-Wiener-Schwartz theorem it is well-known that the

vi
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inverse Fourier transform of a compactly supported distribution in R™ is a smooth function, hence
uj = Fpapj Frn € C°(R™) and therefore the trace u, RA—1
working definition of a trace of an element of a Triebel-Lizorkin spaces is

is a well-defined function. Thus a

To(u) :==) uj;
=0

T,=0"

In Section 1.5 we will show that this definition can be used on T x R™ as well and Section 3.4 will
show that the sum above indeed converges in a reasonable sense in T x R"~! and coincides with
the value of u|pygn-1, i.e., Tpu = u|pxrn—1. For the convergence result some assumptions on the
regularity parameter s have to be made, which depend on the integrability p and anisotropy @ and
coincide with the ones needed in R™. To conclude surjectivity of the trace operator, we construct
an extension operator in Section 3.3, i.e., we are concerned with the following question: Given an
element v in a Triebel-Lizorkin space on T x R™~! is there an element v = Ev on T x R™ such that
u’zn:O = v? This is possible for all values s € R. The combination of these results comprehensively
solves the trace problem of time-periodic parabolic problems in the half space.

In the last chapter of this thesis we apply the presented ideas of Kyed and Galdi and the theory
of Chapter 3 to the time-periodic equations of magnetohydrodynamics in T x € = Qg given by

1
dyu — vAu + Vp + 5V\H|2 +(u-Vyu=F+ (H-V)H in Qr,

(MHDE) OH — pAH =V x [u x H| in Q,
divu=divH =0 in Qr,
u=0, H-n=B;, curlHxn=0 on 9.

The factor S was omitted because it can easily be absorbed into the magnetic field H by the
transformation (u, H) — (u,S2H). To the knowledge of the author previous considerations of
this problem have been restricted to Lo and By = 0. We will give a few examples. Notte, Rojas
and Rojas [68] considered the problem with Dirichlet boundary conditions for v and H with an
additional term on the right-hand side in the equation for H related to the motion of heavy ions.
Ibrahim, Lemarié Rieusset and Masmoudi [48] considered a slightly more complicated system with
additional equations for E and applied the ideas of Kyed to construct time-periodic solutions.
Additionally, the equations were also considered as an optimal control problem, see Gunzburger
and Trenchea [43].

We proceed in Chapter 4 in the following way. As a first step we construct an extension Hy to the
boundary value By, i.e., a function Hy such that Hy-n = By, curl Hy xn = 0 on 90 and div Hy = 0
in . With this extension we transform the system into one with homogeneous boundary data. As
a first step we consider the linearisation given by

Opu —vAu— (Hy-V)H — (H-V)Hy+ Vp=F in Qr,
O H — pAH —V X [ux Hy) =G in Qr,
divu=divH =0 in Qr,

u=0, H-n=0, culHxn=0 on 0Qr.

By perturbation theory we identify functions spaces such that for every (F, G) we obtain a solution
(u, H,p) that satisfies a corresponding a priori estimate, where the constant ¢(x) is uniform with
respect to Hy € W, (€2) such that || Hollw1_ (o) < . This type of behaviour of the constant is to be
expected, see for example Galdi and Kyed [38, Lemma 2.4]. Using Banach’s fixed-point theorem
together with the stated estimate, we show existence of time-periodic solutions to (MHDE) without
general smallness assumptions on By. Note that this includes all constant magnetic fields Hy, which
is analogue to the results for the Oseen equations from [38].
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Zusammenfassung in deutscher Sprache

Wir betrachten die Bewegung einer viskosen, inkompressiblen Fliissigkeit, die neutral geladen und
leitfdhig ist. Die Bewegung einer solchen Fliissigkeit wird durch eine Koppelung der Navier-Stokes-
und Maxwell-Gleichungen beschrieben. Diese Koppelung wird oftmals magnetohydrodynamische
(MHD) Gleichungen genannt und ist gegeben durch

1
ﬁtu—yAu—i—Vp—l—§V|H|2+(u-V)u:F+S-(H-V)H in Qr,

(MHDQ) O0H — pAH =V x [u x H| in Q,
divu=divH =0 in Qr,
u=0, H-n=B;, rotHxn=20 auf 0Qr.

Dabei ist T = R/TZ, Q ein beschranktes Gebiet, Qp = T x Q, F' eine anliegende zeit-periodische
Kraft und B; ein zeitunabhéngiges Magnetfeld, das vom Medium des Randes erzeugt wird. Die
Unbekannten hierbei sind die Geschwindigkeit der Fliissigkeit u, das Magnetfeld H und der Druck
p innerhalb der Fliissigkeit.

Im ersten Teil der Arbeit erweitern wir die existierende Theorie anisotroper Triebel-Lizorkin-Raume
auf zeitperiodische Funktionen. Besonders wichtig dabei ist die Theorie von Spuroperatoren von
T x R nach T x R"~! und von Fortsetzungsoperatoren von T x R"~! nach T x R". Hierbei
bestimmen wir den kanonischen Spurraum anisotroper Triebel-Lizorkin-Rdume, d.h. den Raum,
in dem fiir jedes Element die Spur liegt und wir fiir jedes Element des Spurraumes eine Funktion
finden, so dass die Spur auch angenommen wird. Diese neuen Erkenntnisse sind unerlésslich fiir
eine umfassende Theorie von zeit-periodischen Randwertproblemen.

Der zweite Teil der Arbeit verwendet diese Resultate, um Existenz von periodischen Lisungen zu
den MHD-Gleichungen in L,(T,L,(€2)) zu zeigen. Hierbei betrachten wir zuerst eine Fortsetzung
der Randdaten Hy, d.h. eine Funktion Hy mit Hy -n = By, rot Hy x n = 0 auf 092 und div Hy =
0 in ©Q und transformieren die Gleichung zu einem Problem mit homogenen Randdaten. Die
Linearisierung dieses Problems ist dann gegeben durch

Ou—Au— (Hy-V)H — (H -V)Hy+Vp=F in Qr,
O0H — AH —V x [ux Hy] =G in Qr,
divu=divH =0 in O,

u=0, H-n=0, rotHxn=0 auf 0Qr.



Zusammenfassung in deutscher Sprache

Wir zeigen mit Hilfe von Stérungstheorie, dass es fir alle F' € Ly (T, L, (2)) und G € Ly (T, L, - (©2))
eine Losung (u, H,p) gibt. Anwenden dieser linearen Theorie zusammen mit dem Fixpunktsatz von
Banach liefert eine zeit-periodische Losung zu (MHDG). Die Behandlung des gestorten linearen
Systems liefert die Existenz von Losungen ohne eine allgemeine Kleinheitsbedingung an Bj.




CHAPTER 1

Preliminaries

In this chapter, we provide the notation used throughout this thesis and state well-known prelim-
inary results. Additionally, we prepare some useful concepts, which we are sometimes going to
establish quite thoroughly, since they deviate from standard theory in some cases. We start by
introducing the used notation.

1.1 Notation

We denote by Z the set of integers, define N to be the positive integers and Ng = NU{0}. R and C
are the sets of real or complex numbers, respectively. R, or C, stand for the set without the origin,
i.e., R, = R\ {0}, and R} := {z € R" | ,, > 0}. We split any vector x = (x1,22,...,2,) € C"

into ' = (x1,x9,...,2,-1) and x,, € C, so that z = (2/, x,,).
For vectors in z,y € R™ we define z < y if z; <y, for all i € {1,2,...,n}. We set |a| =31 | o
and 2 = z{? - 25?2 for any multi-index a € Nj. Whereas ||z]|? := Y1 | z;Z; denotes

the square of the Euclidean norm of any vector z € C™ with Z; as the complex conjugate of z;,
which we will sometime shorten to |z| if there is no confusion possible. The supremum norm is
defined by ||z|s = sup; ||zl and with it a cube Qgr(z) C R™ as the set of all points y € R”
such that ||y — ||cc < R for some R > 0. A cuboid Qz(x) C R™ is the set of all points y € R™
such that |y; — ;| < R; for every i € {1,2,...,n} and R = (Ry,Ra,...,R,) € (0,00)". A ball
Br(xg) = B(zg, R) is defined by ||z — x| < R for some zo € R and R > 0, where we imply
with the last statement that R € R. By S™"~! we denote the unit sphere of R", i.e., the set of
all points € R™ such that ||| = 1. The scalar product of two vectors z,y € R™ will be defined
via -y = z;y; and for two matrices A, B € R"*™ by A : B = A;;B;;, where in both cases we
made use of the Einstein summation convention, i.e., we implicitly sum over all repeated indices
in products. Furthermore, we define the tensor product of a,b € C™ as an element of C"*" by
(a ®b);; := a;b;, and the vector product for z,y € R? will be denoted by

T2Ys — T3Y2
TXY=|2x3y1 — T1Y3

T1Y2 — T2Y1



1 Preliminaries

A set Q C R" is called a domain if it is open and connected and bounded if it is contained in Br(0)
for some R > 0. We call a domain of class C"™® for m € Ny and « € [0, 1], if it has a locally finite
open covering of sets O, such that on each O; the boundary is given as the graph of a function with
C™“_regularity. We also call these C"™*-domains or domains with a C™*-boundary. Derivatives
of sufficiently regular functions f : Q@ — C will be labelled by 0;f = 0,,f for i =1,2,...,n. Vf
denotes the gradient of f and the Laplace operator is given by Af :=Y"" | 92 f. If the function has
values in C™ we apply derivatives to each component and denote by div the divergence operator
div f := 0; f; and by curl f or rot f the rotation given by

0o f3 — O3 f2
Vxf=cwlf=105f —0ifs
O1fa — O2f1

All of the previous operators only act on the spatial variable « € Q. For functions g : (0,7) x Q —
C™ we set 0; as the derivative with respect to the first variable, which we are going to call time
from here on, and D%g := 979 - .- 9%~ with a = (ag, a1, ..., ap) € NG

By < we denote an estimate where some constant occurs that depends on the parameters but it is
not important to be determined specifically. If one parameter is explicitly stated after <, then the
constant is independent of this parameter, i.e., A < rB implies that the estimate A < ¢rB holds
with a constant ¢ independent of r.

For a vector space E with dual space E’, we use (u, ) to denote the dual pairing of v € F’ and
p € E. If E,F are topological vector spaces, we write F — F' for a continuous embedding of
E into F. A® B = E denotes the direct sum of closed subspaces A, B C E, i.e., AN B = {0},
A+ B=E.

We are going to use 0, for the delta distribution on R, i.e., (65,,%) = ¢(zo) and §; for the
function

1 for k=3
5L —R, §(k)= o=
0 else,

since there is no confusion possible.

1.2 Fourier Transform on Locally Compact Abelian Groups

Since we are interested in time-periodic solutions we follow the ideas of Kyed [60] and introduce for a
fixed time-period 7 > 0 the torus T := R/7Z and the locally compact abelian group G,, := T xR"™.
In the following we will state results from harmonic and Fourier analysis on groups, for reference
on the stated results see Eiter and Kyed [30], Rudin [71], or Folland [34]. Let [-] : R — R/TZ be
the quotient map so that the mapping

7:RxR" = Gy, 7(t,z) = ([t],x)
induces a differentiable structure and a topology on G,,. Hence, we can define
(1.1) C>*(G,) :=={f:G, > C|3IF € C°(R x R") such that F = fonr},

as the space of smooth functions on G,,. Therefore, the derivatives of a function f : G,, — C are
defined by the derivatives of the corresponding function f o7, i.e.,

9fo0f = 0Po (f o w)‘[mw for all (a, 8) € NI x No.
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Similar to R™ we define for any («, 5,7v) € N x Ny x N a semi-norm by

Pap(f) = sup |279]9%f(t,z)|.
(t,z)eGn

This creates a set of semi-norms defining the corresponding Schwartz-(Bruhat) space on G,, by
F(Gy) = {f € C®°(Gy) | pa,s(f) < oo forall (o, 8,7) € N x Ng x Nj }.

The countable family of semi-norm p, g~ induces a topology on the topological vector space
Z(G,). From classical results with respect to uniform convergence it follows that .#(G,,) is a
Fréchet space. The dual space ./(G,,) will be equipped with the weak-* topology, making it a
locally convex sequentially complete topological vector space and its elements are called tempered
distributions on G,,. By omitting the parameter § one arrives at the classical space . (R™) and
its dual .#”/(R™), both spaces inherit the same properties as .7 (G,,) or .¥/(G,,), respectively.
Before we can define the Fourier transform, we need to state a few more properties of locally
compact abelian groups. We start with the concept of the dual group of a locally compact abelian
group G. It is the set of all continuous group homomorphisms from G onto the circle group, i.e.,
the set of all complex numbers z € C such that ||z|| = 1. We will denote the dual group by G
and call its elements characters. The dual group of R can be identified with R by (£, x) = €.
For the dual of T there are several options, e.g. Z by the pairing (k,t) = ei%ﬂ’”, or Q%Z by the
pairing (k,t) = e™**. We fix @n := Z x R™ throughout this thesis. The question of representing
the bidual group is solved by the Pontryagin Duality Theorem, since it states that any locally
compact abelian group naturally identifies with its bidual group. Similar to the definition of G,
we introduce the space of smooth functions on én by

C®(Gy) == {f: G, — C|Vk € Z it holds f(k,-) € C®(R")}.

For every («, 8,7) € Nj x N§ x Ny a semi-norm is defined by

pasa(f) = sup_ |60k f(k.€)|
(k,£)€EGn

and, hence, the corresponding Schwartz-(Bruhat) space on G, via

F(Gp) i={u e C®(G,) | V(a, B,7) € Ng x N§ x No : pap~(u) < oo}

~

Repeating the arguments from above we conclude that .#(G,,) is a Fréchet space and its dual,
denoted by .’ (én), is again a locally convex sequentially complete topological vector space.

To be able to integrate functions defined on G, we introduce the concept of Haar measures. To
every locally compact abelian group there exists a non-zero translation-invariant measure u. It is

unique up to a multiplicative constant. On G,, we normalize it such that

/u(y) du(y) = ;,/T/uow(t,x) dz dt.

Gr 0 R»
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This can be done since the Lebesgue measure is a translation invariant measure and G,, and
[0,7) x R™ generate equivalent Borel o-algebra. By |E| we denote the measure of E. We are going
to omit 7 in the integrals for functions defined on G,,, since no confusion is possible. On @n the
Haar measure will be normalized such that it coincides with the product of the counting measure
on Z and the Lebesgue measure on R”.

The Fourier transform for a function f : G,, — C is defined by

;
F — — 1 —iz-—i2Tkt
Falfl(h€) = Jlk.8) = e O/R/ ftx) e dudt,

the inverse Fourier transform, now given for a function g : G,, — C, is defined via

Fal.0) = 0" (00) = o 3 [ ath) e ag

kEZgn

If we want to apply the Fourier transform to a function f : én — C it can be defined with the
general theory from above, but it is easier by the identity F5 [f](-) = 95"1 [f](—) and similar

for 3251. For a function f only dependent on space we derive %, f = Zgrnf as expected and

we therefore define Fr ® Frn = Fq, and Fp I yﬂgnl = ﬁal To shorten the notation we
fix F = Zg, and F! = ﬁgnl Therefore, if not stated otherwise, we will work with the

~

Fourier transform on G,. The chosen normalization implies that .# : (G,) — Z(G,) is a
homeomorphism with inverse given by .# !, and by duality this extends in the usual way to

~

F . NG — (G, e,

<ﬁgnu7(p> = <’LL, 9an@>

forue ' (Gy) and p € .S (@n) The Pontryagin Duality Theorem is fundamental for the previous
definition to be well-defined. Similar to properties of the classical Fourier transform we have the

identities

2
?
o oe 1] = imtlel g1 [(?k)mg%}

Flopogu =il k)mgay[u],

for all u € .%"(G,,) and v € .%'(G,,). We define the convolution of u € .'(G,) and ¢ € .7 (G,,)
similar to R™ by

(1.2) [ux@](t, x) = (u, @[(t,2) = (,)]),

which just extends the usual definition of convolutions on locally compact groups, see Grafakos [41,
Section 1.2] for details. Furthermore the well-known identities between convolution and Fourier
transform also hold here, e.g. .Z ~u - ] = ¢,.# ~'ux.F 1y for some constant ¢, > 0. In exactly
the same way we can define a convolution on @n
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1.3 Function Spaces

In this section we will introduce most of the used function spaces and state some properties. Since
these are quite standard they can be found for example in Triebel [80] and the references within.
The definitions are valid for scalar and vector-valued functions. In the case of functions with
values in a finite dimensional vector space any of the following norms is applied componentwise
and afterwards any finite dimensional norm is applied to the norm of the components. We will
make no difference in the notation between the two, since there is no confusion possible.

For topological spaces X,Y we denote the set of continuous functions f : X — Y by C(X,Y). If
Y = C with the standard topology it is customary to set C(X) := C(X,C) to be the vector space
of bounded and continuous functions and equip it with the norm

b

I lloc == sup | f(x)
zeX

making it a Banach space. To be able to talk about derivatives and Hoélder continuity let 2 be a
domain of R™ and X be either 2 or Q1 := T x . From here on we consider functions f: X — C
and start by defining the spaces of m-times continuously differentiable functions by

C™(X) = {f| D*f € C(X) for all |a| <m},

where D% stands for the classical derivative with m € Ny U {oo} and |a| < co. Note that the
dimension of « varies depending on whether X is a subset of R™ or of G,,. By endowing C™(X)
with the norm

/]

cnx) = Y [D*fllse

o] <m

it becomes a Banach space for m < oo. The class of test functions on X is defined by
(1.3) D(X)=CF(X) = {f e C®X)|suppfC X and compact},

and its dual is given by D’(X). Since T is compact, the demand regarding the support only applies
to the spatial variable. In a similar fashion we set

D(X) = CF(X) == {f|y | f € D(Gn)};
the above definition works for time-periodic and time-independent functions since every function

in D(R™) can be extended to an element of D(G,) by a constant extension. For a finer scale of
regularity we define the Holder seminorm for o € (0, 1] by

|f(x) = f(Y)
~ = Su .
1 1Gex) S T e
T#yY

With this we introduce the Holder-(Zygmund)-spaces C™(X) as the set of functions f € C™(X)
such that the norm

[ fllam.ax) = [ fllomx) + Z 1D Fliga xy < 0©-

[v|=m




1 Preliminaries

We allow for @ = 1 to include the spaces of Lipschitz continuous functions, but since we do not
consider double differences, as it is done in Zygmund spaces, we put brackets in the name of the
spaces above and will omit it from now on.

We continue with the consideration of function spaces on a o-finite measure space X with measure
1 to define Lebesgue and Sobolev spaces. We tacitly identify elements of these spaces, which are
equivalence classes, with a representative and hence call elements functions as well. Therefore, the
space L, (X) is the set of measurable functions f : X — C such that

1

fll,c0 = ( [ 7@ an(@)’

is finite in the case of p € [1,0). Often we will omit p and simply write dz when the underlying
measure is clear. For p = oo the following has to be finite

HfHLoo(X) ‘= esssup |f(93)\-
rzeX

If the underlying measure space is clear, we shorten to || - ||, and || - ||oc. Note that in general there
is no confusion whether the || - ||oc denotes the essential supremum or just the supremum. For
1 < p < oo the weak Lj,oo(X) is the set of measurable functions such that

. cr
1L, x) == 1nf{C’ >0 | u({z eX||f(z)] > a}) < o for all o > 0}

is finite. From this definition it is clear that weak L., (X) is defined as the classical L, (X )-space.
If X = Z or some subset of it, we equip X with the counting measure and denote it by £,(X).
So these spaces consist of sequences, whose p-th power is summable or are bounded in the case of
p = oo. An important property of these spaces is the monotonicity with respect to the power of
summation, it holds £, — ¢, for 1 <p < ¢ < o0.

In the case of strongly measurable functions with values in a Banach space B, the norms are just
applied to the real valued function [|f(-)||s, i.e., |fllL,x:8) := [l fl5lL,(x), hence L,(X,B) is
defined in the same way as before. Regarding measurability we refer to Yosida [88, Chapter V],
but note that if B is any of the £,-spaces the question reduces to measurability of each component
of the sequence.

We extend the definition of L, to an integrability parameter p'€ [1, 00]™ for a space X =[]\, X;,
where each X; is a o-finite measure space. These spaces were introduced by Benedek and Pan-
zone [13] and if not stated otherwise proofs of the following statements can be found in the cited
paper. The space Ly(X) with p’ € [1,00]™ is the set of measurable functions f such that the norm

Pn—2 1

Pr_1 e
Pn Pn—1 P1
||f||L,;(X) = (/ ( / </ |f(x17~--azn—lyxn”pndxn) dzn—l) dxl)
X Xn

1 n—1

is finite, here obvious modifications in the case of p; = co need to be made. For strongly measurable
Banach space valued functions we define the norm in the same way, as we did for L,. Before we
state some properties, we introduce some notation. By % we denote the vector (1%17 p%, ey i),
where we define é = 0. Furthermore, an equality or inequality of vectors is to be understood as
an equality or inequality in each component, i.e., %—l— 1 — 1 means i + qi = 1 for every component
1 <1i<nof every p,q € [1,00]". Hence, we have Holder’s inequality in the form

+

S

(1.4) /9]

h=TIR
ST

Lx) < I fllLcollgllx  for
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and in the case where convolution is possible we obtain Young’s inequality via
(1.5) If*gll-x) < Ifllecollglle x)  for

We briefly remark that this includes X; = T for some ¢ in both cases, see (1.2) for the definition of
convolution. The theory of Fourier multiplier is well-studied for L,(R"), see Grafakos [41, Section
6.2] for example. We will state the following theorem due to Lizorkin [65, Corollary 1].

Theorem 1.3.1. Let m : R™ — C be a bounded function with continuous derivatives that satisfy
§*D*m(§)| < M

for some constant M > 0, all £ € R}, and all a € {0,1}™. Then m is an Lz(R™)-multiplier and

*

there exists a constant C > 0 such that
||yﬂg7}mvaLf||Lﬁ(Rn) S CM”f”Lﬁ(R")

foralll < p< oo and dll f € S (R™).
We collect some results regarding completeness and duality in the following lemma.

Lemma 1.3.2. The spaces Ly(X) are Banach spaces for every 1 < § < oo. Let 1 < p < o0
and %—!— 1% = 1. EBwvery linear continuous functional T on Lz(X) can be represented by a uniquely
determined h € L;(X) such that

7() = [ f@hiz) ds

and [T = [|Alle, x)-

By this the classical duality result of L, extends to Lz(X)* = L (X) with above stated identity for

p and ;57 . By induction the theorems of monotone and dominated convergence as well as the Lemma
of Fatou are also valid for these spaces. Therefore, it is natural to view Ly as an extension of L.
Hence these spaces can be considered simultaneously, if the domain has the needed structure. This
implies that if 2 does not have product structure, then the parameter  of L is to be understood
as a scalar, i.e., p = p for some p € [1,00]. Hence, we can consider arbitrary domains and collect
some density results.

Lemma 1.3.3. Let B be a Banach space, 1 < p < 00, and X a o-finite measure space with measure
I

a) The set {Z;nzl xg;u; | uj € B, E; C X are pairwise disjoint and p(E;) < oo, m € N} of
simple functions is dense in Ly(X,B) for 1 < ¢ < oo.

b) The set of bounded measurable functions with compact support, denoted by LY (R™, B), is dense
mn Lﬁ(Rn, B)

¢) The spaces D(Gy) and #(G,,) are dense in Lz(Gy).
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Proof: Part a) can for example be found in Grafakos [41, Proposition 5.5.6]. Applying an induction
argument together with part a) implies that

(1.6) {ZXEjuj | u; € B, E; C Gy, are pairwise disjoint and |E;| < oo}
j=1

is dense in Ly(G,,, B) and hence b) follows since Lz(R", B) C L(Gyr, B). For part ¢) we note that the
sets E; in (1.6) were constructed by induction, hence they have the form E; = EY x E} x --- x E?
with E? C T and E]Z C R for all 1 < ¢ < n. Therefore, by taking a product of approximate
identities, one for each dimension, and using Grafakos [41, Theorem 1.2.19] yields c). O

With this preparation we can state a density result of Banach-valued Fourier series.

Lemma 1.3.4. Let B be a Banach space, i : T — B be of the form of py(t) := e TRt for h € B.
The span of functions ¢y, is dense in L,(T, B) for 1 < p < co. Furthermore h € B can be weakened
to h € A for a dense subset A C B.

Proof: Let u € L,(T,B) and ¢ > 0. Then by Lemma 1.3.3 we find m € N elements v; € B
and pairwise disjoint sets E; C T such that || Z;nzl XE,;v; — ullL,(r,5) < 5. Hence there exists a
constant C' > 0 such that [jvj[|x < C for all 1 < j < m. Furthermore, to each xg; we find an
f; € C°(T) such that ||xg;, — fjllL,(r) < 3¢ by Grafakos [41, Theorem 1.2.19]. This yields

m m m m
=t 5~ Sl [0
sz_:lfj J HLP(’H‘,X) - jzz:lf] J ;XEJ L, (T, x) ;XEJ J L, (T, X)

- €
< Z vl x II.f5 — XEJ-HLF(T) + 5 <e.
=1

Now the result follows from Theorem 4.2.19 of Arendt et al. [8, Theorem 4.2.19] because 37", f;v;
can be uniformly approximated by functions of the form of . The last fact follows directly from
the denseness of A, since a finite sum of ¢! Fkth with h € B can be approximated by a finite sum
of e!Fkty with suitable y € A. O

In the case where the Banach space is any /¢, space we can extend the result. The proof generalizes
the ideas from Lizorkin [65] from the ¢s-case to general £,.

Corollary 1.3.5. Let 1 <p < oo and 1 <r < oo. The set of functions f = (f;)jen belonging to
Lq7#(Gn,¢) with f; € span {ei27"kthk |k €Z, hy € S(R™)} for all j € N is dense in Lg3(Gn, (y).

Proof: Let g € L, 5(Gr, {,) with g = (g&)ren. Because g, € Ly 5(Gr) = Lg(T, Lz(R™)) we find an
fr € Ly 5(Gr) of the stated form by Lemma 1.3.4 and Lemma 1.3.3 ¢), such that ||gx — fx L, ;@) <
5% for any given € > 0. This implies

oo
19 = Flly ) N9 = FllL, sy < DIk = gkllL, ycn) <&
k=1

by the monotonicity of the ¢,-spaces. O
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We move on to the definition of Sobolev spaces, here D® denotes the weak derivative, which is
defined analogously to the classical way as derivative in the dual space of D(X), see (1.3). Let
[ € Ng and m € Nj, the Sobolev space Wé’g(QT), recall Qp = T x Q, is given by

WP Q) 1= { € Lyp(Qn) | O1F € Ly () and 97" f € Ly () for all 1 < i <.

The space becomes a Banach space if we equip it with the norm

of =

omi f
1wt 0y = Wi + | 52

m;
Oz

Les(Qr) =1 Lq,7(€1)

Recall that p'is to be substituted by a p, if {2 does not have the needed product structure. Further-
more, a standard multiplier argument by Theorem 1.3.1 implies that this definition is equivalent
to the case where we require that all derivatives up to the highest order are in L, 5(Qr) and the
corresponding norms are equivalent as well.

For the theory of fluid dynamics homogeneous Sobolev spaces play an important role. Before we
define them, we introduce local Lebesgue spaces. We denote by L, 10c(X) the space of measurable
functions such that

[f(@)]P do < o0

KnX

is finite for 1 < p < oo for every compact set K C G,,. It is clear that these spaces coincide with
the usual Ly-spaces if X is bounded. Hence, we define the homogeneous Sobolev spaces by

W) := {f € L110c(Q) | D*f € L,(Q) for all & € NIl such that |a| = m}.

P
It is known that \/N\;(Q) coincides with the closure of D(Q) in ||V - ||,-norm for 1 < p < oo and

sufficiently regular domains, see Farwig and Sohr [33, Lemma 5.1] for details. For the theory of
Chapter 4 we introduce the space

WO (Qr) == Ly (T, WA(Q))

for 1 < p,g < oo. Similar to Holder spaces we define the Sobolev-Slobodeckij spaces as an
intermediate of two Sobolev spaces with different differentiability order. For 0 < s < 1 we set

[ Flws @) == ( /Q [ w) |

and define W7 () as the set of L,(€2) functions such that the norm

1 llws ) = [1fllL,@ + [flws @

is finite. For higher values of s that are no integers we define |s| as the integer part of s such that
s=[s|+0 with 0 < 0 < 1. Hence, we define W;((2) as the set of f € WZESJ () such that the norm

1A lws @) = I fllwie @) + Z 1D flwo e
lel=s]
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is finite. For a definition of these spaces by interpolation, we refer to Adams and Fournier [1,
Chapter 7]. As long as the parameter s < 1 the definition above applies to W;(99) as well, in
the case of s > 1 one has to define these spaces using charts and an atlas. An important result

regarding these spaces concerns the trace of functions. It is known that the trace v(f) := u|8Q

_1
is an element of W; 7 (09Q) for any function f € W}(Q2) and 1 < p < co. The space W2 (09)
denotes the dual space of W;(099) for non integer values s > 0. We close the theory of Sobolev
spaces with a density result.

Lemma 1.3.6. For 1 < ¢,p' < oo the spaces D(G,,) and . (Gy) are dense in Wé’?(Gn) for all
1 €Ny and m € Nj.

Proof: From the proof of Lemma 1.3.3 we know that f € L, 5(G,,) convoluted with an approximate
identity ¢, converges to f in L, 5(Gy). From D*[f x ] = [D® f]* ¢, as long as D*f € L, 5(Gy),
we obtain density of C*(G,) N Wé’f;(Gn). A multiplication with a sequence of smooth cut-off
functions with increasing and exhausting supports yields the result by the dominated convergence

theorem. O

Remark 1.3.7. We introduced all spaces above with a periodicity in the first variable, hence all
spaces are defined on T x Q. By substituting T for any interval (0,7) one arrives at the more
classical function spaces, which inhere the same properties.

1.3.1 Projected Subspaces

An idea introduced by Kyed [60] to deal with time-periodic problems in the framework of T is to
decompose the problem into a steady-state part, which is entirely time-independent, and a purely
periodic part. The advantage is that the latter part possesses better properties by having mean
value zero with respect to time. We follow his idea and, for a function f € Lj 10c(£27), introduce
the projections

(1.7) Pf = %_/f(t,x) dt, P.f:=f—-PFf.
T

Since these projections continuously map D(Qr) into D(Qr) and . (G,,) into .7 (Gy,), they can be
extended to continuous projections on D’(Qr) and .%/(G,,) by

(Pu,¢) := (u, Pyp)

for u € D'(Qr) and ¢ € D(Qr) respectively u € ' (Qr) and ¢ € #(Qr). By making use of
the Fourier transform on the torus we conclude the identity Py = F 160 Zr¢ and hence the
definitions

(18) Pu = yfléoffqru? PJ_U = yfl [(1 - (50)?’]1"11,}

for u € D'(Qr) or u € '(G,). We denote P, u as the purely periodic part and Pu the stationary
part. In the case of Lebesgue or Sobolev spaces it is clear that the projections are continuous and
generate a direct decomposition into a purely periodic part of the function space which we will
denote by the subscript L and in a stationary part, .e., it holds Ly 5(Qr) = Lg 5 1 (Q1) & L(9),
where Ly 5 1 (Qr) := P, L, 5(Qr), with similar notation and results for Sobolev spaces Wé’? (Qr).
The advantage of this decomposition will be seen in Section 4.2.2.

10
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An important projection when dealing with incompressible fluid dynamics is the Helmholtz pro-
jection denoted by Pp. In the following we collect properties the proofs of which can be found in
Galdi [35, Chapter III] for example. The spaces of solenoidal test functions will be denoted by

05, () := {p € CF(Q)" | divp = 0}.

The corresponding L, spaces are given by

Ly () = Ty () 7, G,(©) := {Vp | p € W)}

For time-dependent functions we define Ly, (1) := Lg(T,Lp +(£2)). Lemma 1.3.4 implies that
the space coincides with the closure of C§,(Qr) = C>(T,C§5,(£2)) in the Ly ,(Qr)-norm for
1<g,p<oc.

Lemma 1.3.8. Let Q be a bounded domain of class C?, the half-space R? or the whole R™. For
every 1 < p < oo the Helmholtz projection Py : L,(2)" — L, -(Q) exists and is continuous.
Furthermore L,(Q2)"™ = L, +(Q) & G,(Q) holds as a direct decomposition.

The previous Lemma holds true for any domain in the case of p = 2 and it is possible to weaken
the restriction on the regularity of the domain in the other cases. For any function v € L, () with

1
divu € L,(Q) the trace u - n can be defined as an element of Wy, * (0€2) by

(1.9) (u-n,paq == /Qu(x) -Vo(x) do + /Q divu(z)p(x) dz

for all p € W;,,(Q). This is justified by the fact every u with the above properties can be approx-

imated by elements of D(2) and for these the identity holds by an application of the divergence
theorem. Motivated by (1.9) Galdi [35, Theorem III.2.3] showed the following identity

(1.10) Lyo(Q) ={ueLy,(Q) |divu=0inQ, u-n=0in W, " (Q)}.

Additionally he showed, see [35, Lemma III.2.1], that a vector field u € L,(Q)™ is in L, ,(2) for
1 < p < > if and only if

(1.11) /Qu(x) -Vh(z)dz =0
for all h € W;,, (Q).

1.4 Anisotropic Distance Function

In this section we are going to define an anisotropic distance function. The idea goes back to Fabes
and Riviere [32], was extended by Yamazaki [85], and has become one of the standard tools to
define anisotropic functions spaces, see for example Yamazaki [85,86], Johnsen and Sickel [55,56] or
Georgiadis and Nielsen [39]. Because the proofs of properties of the anisotropic distance function
are a bit sparse in the literature but often quite direct, we will state and prove the needed ones.

11
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Definition 1.4.1. Let @ € (0,00)" be given. For ¢t € R with ¢ > 0, and z € R™ we define
tig = (1% 2, 1% 2y, ..., t%2,) and t5% := (t°)% for any s € R. The function | - |z : R® — R is
defined by the unique ¢ € Ry such that t~%z € S*71, i.e.,

(1.12) > =1
j=1 P

for any « # 0, and |0|z := 0. Furthermore, we define |@| = Z?Zl a; as the length of the anisotropy.

It is easy to see that in the case of @ = 1 we have the euclidean norm. Since the function

2
t— > n_y sz& is continuous, strictly decreasing and tends to 0 for ¢ — co and to co for ¢ — 0 the

above definition is well defined. Let us now state and prove elementary properties of | - |z; for this
we need

(1.13) 7:=min{l,a1,az,...,a,}.
Proposition 1.4.2. The anisotropic distance function |- |z : R™ — Ry has for every a € (0,00)"
the following properties:
a) |t%|; = tlx|z for every x € R™,
b) It holds |x|z = |x\bi‘ for \@ =1b,
) loole < 24 (e + ).
1
4) max;{Ja;| 7 } < Jola < nT T S fayl

e) |-1a € C°(R™\{0}) and to every o € Ny and every s € R there exists a constant c(s, o, @) such
that

Proof: Statements a) and b) are clear for z = 0. For z # 0 we have (t~2)%%z € S"~! if and
only if t~%2 € S™~! and therefore a) follows. For Ad@ = b we derive

n 2 n

n 2

I N M
2 2ar A\ 2b ’
“ T e e a2

k=1 k=1

hence |z]z = |z[3 and thus b).
To prove ¢) we first consider the case of @ > 1 and want to show that

zn: (zx +yr)* <1
= (lzla + lyla)> —

since this would imply |2 +y|z < |z|z+|y|z. Note that because by a) the sum is invariant under the
transformation (z,y) — (t%x,t%y), we can assume that |z|; + |y|z = 1 and therefore |z|2** < |z|2

le

12



1.4 Anisotropic Distance Function

and hence |z + y| < |z| + |y| < |z|z + |ylz = 1. Therefore,

n

frkJFyk 2

2 o 7 oy 2o <1
=1

and hence |z + y|z < |z|z + |y|z for all @ > 1. For a given @ € (0,00)" we find b € [1,00)" such

that 76 = @. Thus we obtain from b) with A = =
(1.14) @+ yl% = o+ ylz < |2l + lylg = 217 + lylg < 277 (2la + lyla)”

and hence c).

The estimate to the left in d) holds since at each |x]|% the sum from (1.12) is at least 1. The
estimate to the right follows from ¢) for @ > 1, and in the case of @ € (0,00)™ we apply the ideas
from equation (1.14) to obtain the stated constant.

By the implicit function theorem the function |- |; has the stated regularity. Since [t7z|5 = t*|z|$
from a) and [D?| - [3](t%2) = t*~*@D*|z|5 by Lemma 5.1.2 we take ¢ = |z|>" and conclude

Dalz _

s—a-d
Edp

On the compact set {x € R" | |z|z = 1} the denominator and numerator are bounded, because both
functions are continuous by the previous argument. Furthermore the function |- |z is bounded from
below, hence, the quotient is bounded as well. This implies the existence of a constant c(s, «, @)
by the stated scaling. Therefore, the first estimate of e) is proven. The second estimate follows
from d), because |[z%| < |z]3°9. O

Remark 1.4.3. Tt is quite easy to see, that the function |- |z is in fact not regular in 0 if at least
one a;j # 1. For example for a; = 2 it holds |(x1,0)|z = y/|z1| and hence an irregularity at 1 = 0
arises. Furthermore, in the case of one a; < 1 the constant in part c) and d) is necessary and in

1
fact optimal since |e; + e;|z = 27 < 27 1(|e;]a + |e;]z) with equality in the case of a; = 7.

To be able to use some form of anisotropic function as an operator on .#/(R™) we define the
following.

Lemma 1.4.4. The function (-)z : R* — R given by (x)z := |(1,2)|(1,3) s in C*(R™) and for
s € R and oo € N} there exist constants C(s,a,d) so that

Proof: By Proposition 1.4.2 e) we have that (-)z € C*°(R") because (1, x) never reaches the origin.
Additionally, from (z)z = [(1,2)|(1,5) and |z]|z < (z)z part e) also yields the first two estimates.
The third one follows from (t%) = |(1,t%)|(1,2) < |(t,t%2)|(1,2) = t{x), since t > 1 and |- |5 is
monotone. O

13



1 Preliminaries

In addition to the balls defined in Section 1.1 we define the corresponding anisotropic balls by
Bz(xo,R) :=={x € R" | |z — x¢|a < R}.

Calling these sets balls is not geometrically motivated, since they are more ellipsoids than balls,
but they generalize the standard definition and coincide in the case of @ = 1. For integration over
these sets, we extend the result of Fabes and Riviére [32, Section 1.I] to obtain the following.

—

Lemma 1.4.5. For every d € (0,00)"™ there exists a transformation ¢ : R" — R™ such that
©((0, R) x (0,27)"=2 x (0,7)) = Bz(0, R) with

r = g(p1, o Pnt),

det Jo (7,01, Pn-1) =
where g is a polynomial of sin and cos of the angles 1, ..., pn—1 and hence bounded. Furthermore
for every Lebesgue-integrable function f this transformation can be used in the change of variable
formula.

Proof: The idea is to modify the classical polar coordinates by substituting r by 7% in the i-th
component. This directly yields all results concerning the transformation. Since this transforma-
tion may have a singularity in 0 we need an additional argument for the usage in the transformation
theorem. The idea is to use the absolute integrability of f and cut out the singularity to use mono-
tone convergence to prove the identity of the integrals for |f|. The general results then follows by
the theorem of dominated convergence. O

1.5 Structure Results for Distributions and Functions

We start this section by proving structure theorems for . and .’ on G, = T x R™ and on
én = 7Z x R™. This results in an easy extension of the Paley-Wiener-Schwartz Theorem in R™ to
G, see Hormander [46, Chapter VII] for the classical result. The importance of this result will
become clear in Section 3.4.

Lemma 1.5.1. The set span{p1ps | o1 € S (Z), @3 € S (R™)} is dense in .7 (Gy).

~

Proof: Let ¢ € 7(G,) and define ¢i(k, &) = >2);<;0;(k)¢(j,€). Since §;(-) is an element of
S (Z) and ¢(j,-) € L (R™) we obtain that ¢; is of the mentioned form. Thus we are left to prove
convergence. For arbitrary (o, 8,7) € Nj x Nj x Ny we have

A kL
Paprlpr—p) = sup |70 — [wz(k,f)—w(k,ﬁ)}’
(k,£)€dn
1
<7 swp |00k [k ) — (k. ©)]|
(k,6)eGn

2,
< jpa,mﬂ(@)-

Here we used the facts that o (k,&) = @(k,€) for k| < I and [9]¢i(k,€)| < [0 o(k,&)| for all
elements (k,§) in G, and all B eNg. O

14



1.5 Structure Results for Distributions and Functions

Corollary 1.5.2. The set span{pipz2 | @1 € L(T), p2 € L (R™)} is dense in S (Gy).

Proof: In the proof of Lemma 1.5.1 we have shown that ¢i(k,§) = > ;<; 0;(k)¢(j,€) converges

(
to ¢ in & (@n) Since the Fourier transform is a homeomorphism between .%(G,,) and .7 (G,,) we
derive that .# ~1p; converges to .# 1y in .%(G,,). The identity

=Y eFITL o, ) ()

l71<i

yields the result because Fg.' ¢(j,-) € 7 (R") for every j € Z. O

As a next step we want to define a tensor product of distributions in .#’(R™) and .¥’(Z) or .”'(T).
For this we need some preparations.

Lemma 1.5.3. For every u € .7 (G,,) there exists a constant ¢ > 0 and an m € N such that

(@) <c  sup (14 [k)™(1+ €)™ [D ok, &)| = cgm(p)
(k,£)EZXR™

for every v € Y(én), here D™y := (DYP)aeny, |aj<m- Additionally, the same result holds true
for S(Z) and ' (R™) with obvious modifications in the estimate.

Proof: Let us assume that the result is not true. Then there exists a sequence {p;}eny with
o1 € Z(G,,) such that

[{u, ) > lar (o)

and ¢q;(¢;) = 1. We define ¢;(k,§) = fq’ (];5)) and obtain ¢,(#;) = § and [(u, @;)| > 1. For every

a, 8,7 € Ny x N§ x Ng with |e, |8],v < we have pq g,~(?1) < q:(¢1) and hence ¢; — 0 in S (Gn)
for I — oo. This is a contradiction because |{u, ;)| > 1. The other cases follow word by word. O

Corollary 1.5.4. For every u € '(T) there exists a constant ¢ > 0 and an m € N such that

[{u, @)] < ellpllemry

for every p € Z(T).

Proof: Repeating the steps of the proof of Lemma 1.5.3 yields the result. O

As a second step we need to show that if we apply a distribution v € ¥/(Z) to a function
v € S (G,), then the resulting function in the variable z € R™ is still an element of .(R™). The
reason for this will become clear in Lemma 1.5.7.

Lemma 1.5.5. Let u € '(Z). The function f : R™ — C defined by f(x) := (u,p(-,z)) is
in L (R™) for every p € S (Gy). Furthermore if p; converges to ¢ in S (Gy) asl — oo, then
f1:=A{u, o1(-, 2)) converges to f in Z(R™).

Proof: We first will show that f is differentiable. For ¢ € .#(G,,) we have

1
o(k,x + hej) = p(k,x) + ho;p(k,z) + 58?(,0(1{:, x1, -, x—1,E(h), xjqa, . . , T )h?

15
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by Taylor’s formula with £(h) in the interval from z; to z; + h. Hence, it holds

fl+ heli’) —f@) _ (u,0;0(-, 7)) + g<u,a;¢(.,x1, L E(R), ).

Lemma 1.5.3 with n = 0 yields an m € N such that

[(u, O3 p(-, a1, .. E(R), . mn))| S itelg(l +ED)™OZ (k1. (R, mn) S Poze, 1()-

Since the last expression is independent of h we derive

h—o0 h

= (u, 95¢(:, x)).

By repeating the previous steps with D®p instead of ¢ we obtain f € C*(R") inductively. To
show f € (R"™) we take arbitrary («,v) € Nj x N and apply the same estimate as before to
conclude

Po0~(F) = sup [(u,67080( )| S sup_ (1+[k)™€0%0(k, ) S D pv,
LeR” (k,€)€Gn 1=0

This yields f € #(R™) and the convergence of ¢; in .% (@n) implies convergence of f; to f in
Z(R™). O

Corollary 1.5.6. Let u € '(T). The function f : R™ — C defined by f(x) := {u, (-, x)) is
in L (R™) for every ¢ € S(Gy). Furthermore, if p; converges to ¢ in #(Gy) asl — oo, then
fi:={u,o1(-,2)) converges to f in 7 (R™).

Proof: By repeating the proof of Lemma 1.5.5 and instead of Lemma 1.5.3 applying Corollary 1.5.4
yields the result. O

By combining all previous results we can properly define the tensor product and prove important
properties.

Lemma 1.5.7. Let uy € ' (Z) and ug € '(R™). The tensor product u1 @ usg is defined by

<’LL1 ®U2,'(/}> = <ula <U/27’¢>>
for € y(@n) We have uq ® us € Y'(@n) and u; @ us = Uy @ Uj.

Proof: Lemma 1.5.3 and the proof of Lemma 1.5.5 imply that (ug2,v(k,-)) is an element of
.#(Z) and that convergence in .#(G,) implies convergence of (ug,(k,-)) in .#(Z). Hence we
obtain u; @ ug € Y’(én) Lemma 1.5.5 implies that us ® u; is a well-defined element of Y'(@n)
Therefore, we are left to prove the commutative property and for this we recall Lemma 1.5.1. It
states that functions of the form Y ;' ¢1(k)pi (&) with ¢, € (Z) and ¢; € (R™) are dense in
#(G.). Therefore, we have

n

<u1 ®up, Y ¢>ls01> =

NE

<u17 u27¢l@l Z ulvd)l UQ,QQ[>
=0

1=0 1=0
= (ug, (ur, 1) = <UQ ® u, Z¢zsﬁl>-
1=0 1=0
The density now implies commutativity for all ¢ € . (@n) O

As a brief corollary we can prove the same result for G,,.
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1.5 Structure Results for Distributions and Functions

Corollary 1.5.8. Let uy € ' (T) and uy € %' (R™). The tensor product uy ® ug is defined by

<U1 ®u27¢> = <’LL1, <U2a¢>>
for i € L(G,). We have u; @ us € ' (G,) and u; ® us = ug @ uy.

Proof: We first note that by applying the ideas of the proof of Lemma 1.5.5 it follows that
(u2,¥(t,-)) € L(T) and convergence of ¢ in .#(G,,) implies convergence of (us,¥(t,-)) in Z(T).
Now the proof can be done by repeating the steps of Lemma 1.5.7 and applying Corollary 1.5.2
and 1.5.6 instead of the applied lemmata. O

To conclude a decomposition result for distributions similar to the results of Lemma 1.5.1 we
introduce for every u € #'(Z x R™) the distributions u; € .#/(R") defined by
(1.15) (uj, ) = (u,d;p)

for every j € Z and ¢ € #(R"). Since §; € S (Z) we have ;¢ € #(G,) and hence the definition
is reasonable. This enables us to prove structure theorems for distributions in .7 (G,,) or &/ (Gy,).
These are identities of distributions and hence convergence of series is to be understood in the
distributional sense.

Lemma 1.5.9. Foru € .%'(G,,) we have u = > jez Ui ® 05, where u; are the distributions defined
in (1.15).

Proof: By Lemma 1.5.1 ¢;(k,&) = ngl 0;(k)p(j,€) converges to ¢ in y(@n) Hence it holds

l—o0 l—o0
i<t l7I<t
= Jim D {uy. (85,0, ) = lim (3w @050,
l7l<t l7]<t
Hence the identity as distributions holds. O

Lemma 1.5.10. For u € /(G,) we have u =}, 4 T [(Fa,u)] @ e F It with distributions
(Fa,u); € S (R™) defined by (1.15).

Proof: The result follows directly from Lemma 1.5.9 since we have F¢, u = 3_;;(%c,u); ® ;.
Applying the inverse Fourier transform yields the result because the Fourier transform of a tensor
product splits up into applying the respective Fourier transforms separately. The last fact can be
easily seen by the commutativity of the tensor product. O

With the previous preparations we can extend the Paley-Wiener-Schwartz theorem to én =ZxR".

Theorem 1.5.11. Let M C Z be bounded, K C R™ be convex and compact, and for y € R™ let
H(y) =sup{y-¢ | € K}

The Fourier transform is a bijective map from every

'HQMVK) = {f G,—C, f= Z e Tjtf (x), fj : C* = C is entire, there exist C > 0,m € Ny :
jeM
fi(x +iy)| < OO+ |z +iy))™eH W) for all z,y € R™ and j € M}

onto
Z’M,K)(@n) {UEY( )|buppuCM><K}

17



1 Preliminaries

Proof: By the well-known theorem of Paley-Wiener-Schwartz, see Hormander [46, Theorem 7.3.1],

A

it follows immediately that the Fourier transform maps HE M, ) onto ,5”(’ M, K)(Gn) since exactly all
integrals with respect to the torus do not vanish if k € M.

Now let u € Z’M,K). Lemma 1.5.9 implies u = >, \, u; ® §; because the rest of the sum is zero
by the assumption on the support of u. From the definition of u; we obtain suppu; C K for every
j € M. Hence the classical theorem implies that f; := fﬂgnl (u;) has the mentioned properties of
the theorem. Since there are only finitely many u;, we indeed derive global constants C' > 0 and
n € Np. The result now follows from

ﬁG:u = Z an,l’uJ‘ ®,§'T 1(Sj = Z fj ®627Jt = Z eZTﬁfj7
jeM jeM jeM
because the tensor product of two regular distributions is just the product. O

The structure results answer the question how an element of u € ./(G,,) can be extended to an
element of .7/ (R"*1). Lemma 1.5.10 yields the identity

u=3 u; @
JEZ
with u; = Zp.t[(Ze,u);) and (Fg,u); € ' (R") defined in (1.15). Intuitively we can define
(1.16) UOW:ZUj®€i2%jt,
JET
by just interpreting ¢! it as an element of .7’ (R). Therefore, each summand is an element of
'(G,) and convergence is the only point that is left to prove.
Lemma 1.5.12. Let u € '(G,,). Then uon defined by (1.16) is well-defined and an element of
(R, Furthermore we have the identities
Fpnii(uom) = V2 Y 625, @ (Fu);,
JEZ
27 21
Fta [P (wom)] =Y ' @ Z5 !0 (Fix) (Fu)l,
JEZ
for arbitrary ¢ € (R x R™).
Proof: As stated we are left to prove convergence in .#/(R"*!). For this we note that for
¢ € (R x R") we conclude (e!F7t, o(-,x)) = V21T '[p(-,x)](%5). Hence, for fixed j € Z it
holds
(€77t @ uy, ) = v 27T<Uj7 Bz (?

- \/ﬂ<5zcnu’ 5j(')fRn+1‘p(2%j’ ) >

Lemma 1.5.3 implies the existence of a constant ¢ > 0 and an m € N independent of j such that

2
T]’

Js )> = m<%§nl[(9cnu)j]’ [%R_l‘p](% ' )>
1

. N B 2m
(@ FI @us o) < e sup (14 k)™ (1+ [€])™|8; (k) D R"}H‘P(?J”f)‘
(k,§)EGH

<e(L+13)72 sup (14 |z)*" 2D Zel o).
reRn+1
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This estimate implies that > ; -y u; ® "It is a Cauchy sequence in ./(R"*1) and hence con-

vergent. Since u o is an element of .#”/(R"*1) we can calculate the Fourier transform Fgn+1uom
and for ¢ € (R x R™) we have

(Fansi (wom), ) = S (EFH @y, Fannig) = 3 (FI, (T, u);, [Frel(t, )

JEZ JEZ
=> {(Za,u)j, (e EEI [ Fr)(t, ) = V2 > { (022; ® (Fa,u)j,0),
JEZL JEL

where we used the identity from the beginning of the proof. For ¢ € (R x R") it holds

( Tk [ Fros (wo )], 0) = Var Ze% (022; @ (Fu)j, v Tl )
_ rjge% Fu0( 0 )#akeel (35))
_WJXE% 535, @ [0 (5. ) (Fu)i] Fatae)
- rjezx 0,0 T [0(55) () e)
_ % <jei2%ﬂ ® Fit[v (2%', )T e),
because v/2r.7y 0z ; = €1 F It | -

An important consequence of the previous result is that it allows us to transfer L.,-estimates with
respect to T. This form of extension does not provide any form of decay, thus it is clear that no
other form of estimate can be transferred.

Corollary 1.5.13. Let 1 < p< oo. Foru € ' (G,) and ¢ € CP (R x R™) we have the identity

_ T

1 -1

(1.17) ||y]R”+1 [¢(%‘,~)§Rn,+1 (UOW)]HL%ﬁ(RnJA) = ||<9’ [1/J|anyu]”[1m’ﬁ(gn)

Proof: Since #~ w’ = jez e F It Q. F (), ) (Fu),] the identity follows directly from
Lemma 1.5.12 and Theorem 1 5. 11 because each summand is indeed a function and there are only
finitely many entries. O

1.6 Convergence Results of Distributions

In this section we discuss convergence in .#/(G,) of series Z;io uj, u; € ' (G,), where the
support of Fg, u; is contained in a compact set for each j € Ny. Throughout this section we
take an anisotropy given by (b, @) € (0,00)""!. There are two types of conditions that are usually
imposed, we will see applications of the different conditions in Section 3.1.1 and Section 3.2. The
first is the dyadic corona condition and is defined by the existence of constants A, B > 0 such that
for every j > 1 we have

(1.18) supp Fa, u; © { (1 €) € Go| B2L < |(k,€)lnz < 427},
while supp g, uo C{(k, &) € Gn| |(k,)|o.a < A}.
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The second one is the dyadic ball condition and is defined by the existence of a constant A > 0
such that for every j > 0 we have

(1.19) supp P, uj C {(k,f) € Gl |(k,&)]pz < AQJ} .

To conclude convergence in .#’(G,,) some extra estimates need to be fulfilled by u;. Here we
consider the case of pointwise estimates; a similar result in R™ can be found in Johnsen and
Sickel [56, Lemma 3.17].

Lemma 1.6.1. Let (u;);en, be a sequence of functions in /' (G,,) satisfying (1.18). Furthermore
assume that there exists a constant ¢ > 0 and an m € N such that

luj(t,z)| < c22™(1 + |z|)™  for all j > 1.

Then 3772 uj converges in /" (Gy) to a distribution u.

Proof: We take ¢ € C3°(R) so that suppvy C {:U eER| % <z< 2A} and ¢ = 1 for g <z <A
Define 1; : G, =R by ¢;(k, &) := ¢¥(277|(k, &) |p.g) for 7 > 0. From the construction we conclude
u; = F Wp;Fuj for j > 1. For p € .#(G,) we hence obtain the estimate

s, 00| = |y, Fabs F 0 = (g, F 1057 0)]
<@+ 1aP) T gl o, |+ 2247 N 7

<O+ Py T

SDHLQ(Gn)

(Gn)’

Thus we are left to estimate the Lo-norm and by applying the Fourier transform we derive

10+ 2Py 270 o = 1= A" .20 o
s > IpwsFalL,e,

|| <2n+42m

o o
> (JHD%D el @.

|a|<2n+42m
<o

IA

To estimate further we note that suppty; C {(k,&) € Gy | B272 < |(k,&)[pa < A1} = A; and
D4p; = D [apo(277k, 2777€)] = 277 (DV4ho ) (2777k, 277%).
This yields

|‘D77/)jDa_7§‘P||L2((A;n) < 2_ﬁ'7“D7¢0HLx(§n)
<2790l g, 1k D> Fell, g, 1k Olbgllia,)

DaﬂfjWHLz(Aj)

for some [ € N. To estimate the La(A;)-norm of |(k,&)|, L we note that for (k,&) € A; we have
k| < 26427 Since €]z < |(k,€)|p.a we apply the transformation of Lemma 1.4.5 with the
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1.6 Convergence Results of Distributions

abbreviation ¢ = (¢1,...,¢n—1) to obtain

Nl

4l2—lj
[|I(k,€) |baHL2(A S| TEr > / hde
|k|§(2A)b2ija(0,A2j+1)

Nl

A29F1
c(l,A,B,b) [ 27127 / / la=1g () dop dr
0 gn-1

Since g is a bounded function, S"~! a compact set and |@| > 0 we have

< (2—lj2j(\5\+b))%.

plliaa,)

We take v € N such that v > 1, 7 as in (1.13), and derive

(B, E)lha < (4 141K+ 1&) < (n+2) 7 (n+ D) + K™ + > [&]™].

k=1 k=1
Thus we have
Z ||| (k,€) |b aD*” ’YJSOHL (”+2)21 ! Z [90.7,0(8) P, (P +Zplu%,v0
|a| <2n+2m |v]<2n+2m

y<a

If we combine all previous estimates we derive

o LELER Y L . . R . n R R
(1.20) g, @) SPFTE72 N [504.0(@) F Doy (@) + D Prves 0 (@)]
|v|<2n+2m

Thus by choosing I > 2(m + || + b) we conclude that 3772 u; is a Cauchy sequence in #(Gy)
and hence convergent. O

We continue with a convergence result important for the considerations of Chapter 3. Let the
function v be an element of .#(R"1) such that

(1.21) Y(x)=1 forall z € By z(0,R)

for some R > 0.

Lemma 1.6.2. Let u € %' (G,) and 9 as in (1.21). The sequence {u™}men defined for every
meN by u™:=F 1 [w(Q’m(b’a)~)|a Fu] converges to u in . (Gy) for m — oo.

Proof: For ¢ € .#(G,) and ¢ := 1/}(2_m(b’d)-)’é\ it holds

(W™, 0) = (Fu, y"F510)
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and hence the question reduces to convergence of (1 — wm)ﬁélgp to 0 in .#(G,). By the definition
of 3551 we can consider the convergence of (1 — ™). F ¢ to 0 in .(G,) for every ¢ € . (G,)

and m — oco. Hence we need to show convergence in the semi-norms Pa,p,y for every choice of
(a, B,7v) € N§ x Nij x Ng. We start by considering 8 = 0. It holds

A m 27 m
Pa,O,’y([l — " Fp) < TpOt,O,’Y([]' - ]|ka§|b,69¢)a

because ¢ equals 1 in the ball B, (0, R) by (1.21). We find an [ € N such that § <[ and % <l

for all j € {1,2,...,n}. Since ¥™ is uniformly bounded and by the properties of | - |; z from
Proposition 1.4.2 we derive

paor (L= V™ IIk Eo.a @) S Paos ([ +1) + K] + 3 |61 70
j=1

S (4 1)p0.4(F0) + Po.s11(F )+ D bostie; 1 (F).
=1

Since all the semi-norms p are bounded, we obtain convergence. Set [D®t)]™ = [D%](2-™(:@).) ‘6
and for arbitrary («, 8,7) it holds

n

o1 67179 < pos (L= 0710 F) + T ()2 aaa (D1 ewDs =7

¢<B C
[¢|>1
PN m «a —ma-C a
< g (1 — 6D F ) + sup ok, Yoot 3 ( )2 Dopin( ).
keZ <8 C
[¢]>1

Convergence follows since the first term converges by the previous arguments because D% ¢ =
F[(—ix)*¢] and every entry of the finite sum converges by the factor in front of the norm since
the seminorms are bounded. O

1.7 Maximal Operators and Functions

In this section we introduce maximal operators and maximal functions and show some estimates.
In some cases we extend known estimates to the case of functions depending on time ¢ € T as well.
We start with the well-known maximal operator.

Definition 1.7.1. For f € Ly joc(R™) the maximal operator M f is defined by

1
(1.22) M) = s 2, [ | F)] dy,

where the supremum is taken over all cubes Qr(x) centered at z. If the maximal operator is only
applied in one component x; we denote the operator by My f, i.e.,

My f(x) == M[f(@1,. o, Th—1, " Tht1s - -+, Tn) | (Tk)-
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1.7 Maximal Operators and Functions

Instead of taking the supremum over cubes in (1.22) the maximal operator is often defined by the
supremum over all balls B, (z) with center z, see Stein [78, Section II.1]. In the following definition
it will become clear why we prefer the definition with cubes. By allowing the supremum to be
taken over a larger amount of sets we have the following.

Definition 1.7.2. For f € L 1oc(R™) the strong maximal operator Mg f is defined by

1
. = sup ——— d
(123 M) = 2 [ Ve

where the supremum is taken over all cuboids @ () centered at x.
We collect important estimates of these operators in the following lemma.

Lemma 1.7.3. For every 1 < p',r < o0 and 1 < p,,§ < oo there exist constants C(p,r) and
C(q,r) such that

(1.24)  [Mifllyeee) < CalB ) fllsee.e,)
(1.25)  [[Mflluy@ne) < IMsflluygee) < [MiMa - Myl fllL,@ee,) < C@ )| fllLme e,

Proof: The proof of the first estimate can be found in Bagby [10]. Note that the case of components
being equal to infinity is not directly stated, but it is shown in the beginning of the proof, see also
Johnsen and Sickel [56, Section 3.4]. The second estimate follows from the fact that every cube
is also a cuboid and therefore M f(x) < Mgf(x). Let Ix(z), I;(y) be one dimensional intervals
centered at x respectively y. It holds

1
sup / /|fst|dsdt<sup / /|fst )| ds dt,
I (2),1(y) |Il( ) X Ik I () [T ()] Iz(y) ‘[l

Ik(x) Li(y I (z)

and therefore inductively Mg f(z) < [MiMs--- M,]f(x). Applying the estimate from (1.24) n-
times yields the third estimate. O

Similar to the ideas of Johnsen and Sickel [56] we define the maximal function

(1.26) w*(b;t, ) := sup M,
VeI

with b € (0,00)™. To be able to show estimates for u* we need some preparing lemmata. Here we
generalize the ideas of Schmeisser and Triebel [74, Section 1.6.4] to the case of arbitrary dimension
n and allow the function to depend on time ¢ € T.

Lemma 1.7.4. Let u € ' (G,,) be such that Fu has compact support M x K C én Then there
exists a constant ¢ > 0 only depending on K such that

t,x — t,x —
(1'27) Sup ‘ak’u( 7‘r Z)| S c Sup |U( 7‘r Z)|
cern (14 [2))" zern (14 ]2)"

foralll <k <n.
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1 Preliminaries

Proof: By Theorem 1.5.11 we know that v € C*(G,,) with at most polynomial growth. Hence if
we take 1) € C3°(R™) such that ¢(z) =1 for all z € K we have Fpnu = ¢ Fgnu and therefore

(1.28) u(t,z) = /n ﬁﬂgnlz/}(w —y)u(t,y)dy.

From this we derive

Opult,z —z) = | OhFplv(z— 2z —yu(t,y)dy.
RTL
By using
1+|lz—yl  14+|z—y—z+|z
1.29 < <l+|lr—y—=2
(1.29) T+ 1+ 2] Sltle—y—=
we obtain
|Oku(t, v — 2)| / 1 (I+|z—y—2)"
e S | Ok T e (@ —y = 2)||ult, y)] dy
(L+Jz)m wo R (L+ [z —y)"
|u(t, )| / 1
< sup ——————— O FpnW(x —y —2)|(1+ |z —y — 2|)"dy
weRn (1+|SU—’UJ|)n ‘ k7R ( )|( | |)
|u(t, z —w)| / |u(t, z — w)|
= sup Ty |(1 + |y))"dy = ¢ sup —————~.
S Tt ul) Jpe 2T YOI )y = sup T

Note that by our construction .# 11 € .#(R™) and therefore the integral exists, hence taking the
supremum on the left side with respect to z € R™ yields the result. Furthermore it is clear that ¢
is independent of M. O

Under the same assumptions we continue with a similar result.

Lemma 1.7.5. In the setting of Lemma 1.7.4 and for 0 < § < 1 there exists a constant ¢ > 0
independent of § such that

|u(t, z — 2)| Vu(t,z —z)| |
1.30 sup ——————— < ¢d sup 4+ cd " Mul(t, x).
(1.50) B SO AR ()

Proof: To proof the estimate we first need some auxiliary result. Let g : R™ — C be a continuously
differentiable function. By the fundamental theorem of calculus we obtain

lg(x)] = |g(y)| < sup [Vg(&)||z -yl
§€[z,y]

If we restrict ourself to the cube Qs(0), integrate the inequality with respect to y over Q5(0) and
divide by |Qs(0)| = 2™§™ we obtain

9(@)] < 28 sup [Vg(€)] + 276" / 19(v)ldy

0
§€Qs0) Qs(0)
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1.7 Maximal Operators and Functions

for every § > 0 and every x € Q5(0). We apply this result to u(t,z — w — ) for fixed ¢t at 0 to
conclude

(1.31) lu(t,z —w)| <2¢/nd sup |Vult,z —w—E&)|+27"6 " / lu(t,z — w — y)|dy.

0
£€Qs5(0) Qs(0)
We fix w € R™ and since 6 < 1 we have the estimate
2 [ ulto—w-yldy <2 [ fults -0 y)ldy
Qs(0) Q1(0)
<2 [ jutte - g)ldy < (1 " Mlue, )| @),
Q141w (0)

Dividing (1.31) by (1 + |w|)™, applying the previous estimate and the idea of (1.29) yields

lu(t, z — w)] Vu(t,z —w—¢)| .
/22 2 <2v/nd sup + 07" Mlu(t, )| (z)
(1+ |w])" ces0) (LA [w)™
[Vu(t,z — (w+ )1 +[Eh" |
< 2y/nd sup + 0 " Mlu(t,-)|(z)
£€Qs(0) (1+ |w+€Nn
[Vu(t,x — z)| _
< 24/n2"6 sup —————— + 5 " M|u(t,)|(x).
S e lu(t, )| (z)
Now the right hand side is independent of w and hence the result follows. O

With the previous results we can prove a similar result as in Johnsen and Sickel [56, Proposition
3.12]; note that the version here is a bit simpler since we only consider the case of 1 < p.

Proposition 1.7.6. Let 1 < p,g < o0, 1 < r < o0 and {b_j}jENo with b € (0,00)™ for every
7 € Ng. Then there exists a constant ¢ > 0 such that

” {uj (0738, 2) }jen, HLQ,,;(Gn;eT) < c{uj}jenoll, 56t

for all sequences (uj)jen, C Lq5(Gn;tr) such that supp Fu; C M; X Q5 (0), where M; are compact
sets in Z.
Proof: To every u; we define the function g;(t,z) = u; (t, %’ :Z—;:’, ce ZE—J:) It is clear that

supp #g; C M; x Q1(0) and we therefore have

gi(t,x) == sup ——————
(D)= SR T

< Cng(ta 33) < CMSQj(tQ?),

by combining Lemmata 1.7.4 and 1.7.5 and choosing ¢ suitably small. The last estimate was
already stated in Lemma 1.7.3 and the constant ¢ does not depend on j since all % g, have the
same support with respect to . We furthermore derive

N Tn
uj(t, bl Zlyeens bii zn)
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1 Preliminaries

Combining all previous results yields

—

u;(b_j;t7 l‘) = g;'k(tv b_jﬂ;‘) < Cl[Mng(t, )](b;.%’) =a [Msgj(t7 bj)](x) =G [Msuj(t7 )]($)7

where we used that the strong maximal operator commutes with the linear transformation x — ~z
for v € R, see Definition 1.4.1 for this scaling. Now the result follows from Lemma 1.7.3 with the
estimate (1.25). O

Remark 1.7.7. In the previous proposition the compact support with respect to time is only
required to allow us to apply the previous two lemmata and does not influence the constant at all.
The requirements of previous results can be weakened if one somehow ensures that « is in fact a
function such that equation (1.28) holds for all ¢ € T.

1.8 The Laplace Operator with Navier Type Boundary
Conditions

This section will provide results regarding the Stokes operator with Navier-type boundary condi-
tions on a bounded domain 2 for the study of Chapter 4. The equations are given by

A —AH=f inQ,
(1.32) divH =0 1in Q,
H-n=0, culHxn=0 on9df,

where f € L, ,(Q2) and Q is of class C?!. The interesting fact about this partial differential equation
is, that the condition regarding the divergence is optional, because f € L, ,(f2) guarantees the
solution to be solenoidal, see Al Baba, Amrouche and Escobedo [3, Remark 4.2] or the beginning
of Section 4.1 for details. The following result can also be found in the cited work.

Theorem 1.8.1. Let A € C,. be such that ReA > 0, 1 < p < 0o and f € L, (). Then there
exists a unique solution H € W2(Q) to (1.82) which satisfies the estimates

£l
(1.33) 1l ) S ==

1+ [l
(1.34) 1 H [[wz0) < B £l @)

with constants independent of .

An important estimate in the theory of partial differential equations is given by Poincaré’s inequal-
ity, i.e., [Jullp, S ||Vullp if 1 <p < ooand u-n=0on d2 When dealing with equations (1.32) a
natural question is, whether the same inequality holds for curl instead of V. It is known that for
a general domain this inequality is not valid, even if one adds the Lj,-norm of divu on the right
hand side, since there exist non-trivial functions v € L,(€2) such that curlv = 0, dive = 0 in
and v-n = 0 on 0. But if Q is simply connected we have the following estimate

(1.35) HUHLP(Q) S ||V“HL,,(Q) S CUYIUHLP(Q) + || diVUHLp(Q)
for any u € W (Q) with u-n = 0 on 99. For the second estimate, see Amrouche and Seloula |7,

Theorem 3.3], the first is an application of Poincaré’s inequality. The additional regularity of the
domain allows Theorem 1.8.1 to be extended to A = 0.

26



1.8 The Laplace Operator with Navier Type Boundary Conditions

Proposition 1.8.2. Let Q2 be a simply connected domain and f € Ly, (). Then there exists a
unique solution H € WZ(Q) to (1.82) with X = 0 which satisfies the estimate

(1.36) [Hlwz ) S 1 flle,@)-

A proof of this result can be found in Amrouche and Seloula [6, Proposition 4.7], the additional

compatibility conditions are satisfied for a simply connected domain because K4.(Q) = {0}, see

Chapter 2 of the cited paper. Similar to (1.9) the trace u x n can be defined as an element of
1

W, 7 (09Q)3 for any function u € L,(Q)? with curlu € L,()3 by

u(z) - curl p(x) do — /chrlu(x) ~(x) do

(1.37) (uxXn,Q)aq = /

Q

for all ¢ € W;,(Q)?’. This is again justified by the fact that every u with the above properties can

be approximated by elements in D(€)) and for these the identity holds by an application of the
divergence theorem, see Amrouche and Seloula [7, Section 2] for details.
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CHAPTER 2

Harmonic Analysis

In this thesis we extend the theory of anisotropic function spaces on R™ to the locally compact
abelian group G, see Chapter 3, and construct time-periodic solutions to a partial differential
equation, see Chapter 4. Naturally, this requires some results in the field of harmonic analysis
and, although there has been a lot of research in this field, the nature of the anisotropy and the
periodicity modelled by the locally compact group restrict the usage of standard theory. Therefore
this chapter will provide proofs of necessary statements and will be quite thorough in the proofs
to keep the thesis self-contained.

In the first section we consider Nikol’skij-Plancherel-Polya-type inequalities, i.e., the estimate

n(i_1
el @ < B G8) ol, @),

which holds for all functions ¢ € #(R™) such that supp Zrrp C Br(0) and 1 < p < g < oo,
see Triebel [80, Section 1.3.2] for a proof. Some authors refer to them as Bernstein inequalities,
see for example Bahouri, Chemin and Danchin [11, Section 2.1]. This kind of estimates has been
extended to functions with values in some space ¢, for 1 < r < oo, see Triebel [80, Section 2.7].
The generalisation to the case of Lz(R™)-spaces can be found in Johnsen and Sickel [55, Section 2]
and we build on their result to expand the inequality to L, 5(Gy,)-spaces.

Section 2.2 concerns the extension of the transference principle. It states that if m is a continuous
and bounded function on a locally compact abelian group G that is an L, Fourier multiplier,
then for any continuous group homomorphism & : G- H , where H is a locally compact abelian
group, the function mo H is an L, Fourier multiplier on H. This tool allows to transfer the L,(R"™)-
multiplier results of Marcinkiewicz or Mihlin-Hormander, see Grafakos [41, Section 6.2], to the case
of L, (Gy,)-multipliers. We extend the existing theory to be able to transfer Ly(R™, By )-multipliers
for By € {C,¢,} for any 1 < r < oo, which will be of importance for Chapter 3.

The main goal of section 2.3 is to extend the Littlewood-Paley decomposition to an anisotropic
decomposition of G, i.e., the estimate

< n
L,(R") ~ ||fHLp(]R )s

x 1
1l S ||(X 12000 2 512)
j=0
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2 Harmonic Analysis

where 1 < p < oo and Z;io p; = 1 with ¢ € CF(R™). For a proof and more details see
Grafakos [41, Section 6.1] for example. Littlewood-Paley decompositions on groups such as T or Z
can for example be found in Edwards and Gaudry [29, Chapter 4 and 7]. They cover combinations
of T and R™ but only in the isotropic L,-setting and hence their results do not provide the results
needed for this thesis. Lizorkin [65, Theorem 2] proved an isotropic Littlewood-Paley decomposi-
tion in Lz(R™)-spaces. The proof relies on a Calderén-Zygmund decomposition together with an
extension theorem for convolution operators. Such a theorem is standard in the L,-setting, see
Grafakos [41, Section 5.3.3] and in the Ly-setting, see Benedek, Calderén and Panzone [12, Theo-
rem 2]. As all of the previous results are in the isotropic setting we will extend the results to the
anisotropic setting in Subsection 2.3.1. Afterwards we are going to apply the previous results to
conclude an anisotropic Littlewood-Paley decomposition for L, 5(Gy).

2.1 Nikol’skij-Plancherel-Polya Type Inequalities

One of the main tools to extend Nikol’skij-Plancherel-Polya-type inequalities to Gy, are Ly-estimates
of the Dirichlet kernel Dy . For a fixed K € N it is given by

.27 227 227 1 ;27 1
om ezf(KJrl)t _ e iF KL ez?(KJrg)t _ efzf(KJrE)t
(2.1) Dg(t)= Y 77! = _ = - _
ez%t -1 ezft _ e—z?t
l7|<K
_sin (K + 51
sin (%t)

One can immediately see that we have Fr[Dk (t)] = X[— kK] |Z, and in Lemma 5.1.3 the estimate
_1
(2.2) |1 Dkcllr,, my S K7

will be shown for all 1 < p < co. The case p = oo can easily be seen as Dy has a maximum
at t = 0, but it is of no interest for the following proofs. We start with an estimate for a single
function.

Lemma 2.1.1. Let 1 <p <7< oo and 1 < g1 < g < 00. For every function f € Ly, 5(Gp) with
(2.3) supp Zq, [ C[-K,K] X [-R1 R1] X -+ X [-Rp, R,] CR x R"

it holds f € Ly, #(Gy,) together with the estimate

1 1

n
4 1 T
Ly, #(Gn) S Ko H R;J ! ||fHqu,,;(Gn)~

j=1

(2.4) I1/]

Proof: By Theorem 1.5.11 we see that every function that fulfils (2.3) is in Ly (T) for all z € R™,
which allows to apply the Fourier transform .t directly. Furthermore we can assume that K € Z,
as it only matters which elements of Z are in the set [-K, K|. For an arbitrary K we take the
largest element in the set, finish the proof and estimate afterwards by K. From (2.3) we obtain the
identity Fr(f](k,z) = Fr([f](k,z) - Fr[Dk](k) and applying the inverse Fourier transform yields

[t 2) = (f(,2) #r Drc) (1)
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By applying Minkowski’s integral inequality we have

£l G = I(FC.2) #r D) ()L, Gy < H/T 1£ (85 MLn@n) [ Drc (t — s)|ds

ng (T)

Theorem 1.5.11 implies that for s € T the Fourier transform of the function z — f(s,z) has
support in [—Ry Ry] X -+ X [-R,, R,] and hence we can apply the inequality from Johnsen and
Sickel [55, Proposition 4] to obtain

1 1

n
| [ 15 it o] < [T
B (T)  j=1

/THf(sf)IILﬁ(wDK(t—s)\ds

Lq2 qu (T)

This proves the case for g1 = g2 as we omit the function Dk and directly apply the previous
estimate to the Ly, #(G,)-norm of f. For ¢1 < g2 we apply Young’s inequality to the convolution

integral with 1+ - = - + 1. Note that we can always find such a u in (1,00) as - < -
Combining the previous ideas yields
" 1_ 1
P T
£l <o S TIT R 7 1f L, s I PxllL. -
j=1
We use the estimate (2.2) to derive
I R
£y, sy SK7 7%= [T R 7 fllL,, s
j=1
sincel—%:i—i. O
q1 q2

As a next step we extend the previous result to the case of sequences of functions {f;};en,, where
the Fourier transform of each entry f; has compact support scaling with the index j € Ny.

Theorem 2.1.2. Let 1 < <7< o0, 1< q <qo < oo such that (q1,P) # (g2,7), and 1 < g < oo.
Let (f;)jen, be a sequence in #'(G,,) such that there exist constants A, B > 0 with

(2.5) supp.Zq, f; C [-BK’, BK’] x [~AR} AR}] x --- x [-AR} , AR}] C R x R"

for fired numbers K, Ry, Ra, ..., R, > 1. Then the following estimate holds

PRI,
p Ka HRk |f]|

(2.6) 1{fi}ieno Ly, #(Gney) S |50
7€No k=1

qu,;ﬁ(Gn)

Proof: The proof is done by a succession of estimates, meaning we show the estimate of one
component of (g2,7) at a time. Hence we are left to show that the inequality holds, if only one
component of (g, 7) changes. Without loss of generality we can assume ¢ < g2, as it does not
matter if we integrate over T or R in the proof.

The monotonicity of the ¢,-spaces allows to assume ¢ = 1 and hence by applying Minkowski’s
integral inequality we have

x q2
el o < [ (S MAEIE)
7=0
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2 Harmonic Analysis

An application of Lemma 5.1.4 with R = K, § =1 — g—;, $1 = ,q% and sy = qil — q%, implying
s=10s1 + (1 —60)sy =0, yields

‘ 642 ‘ (1-0)q2
Iftieno L (Gmrtn) §/T<sup K| f5(t,-) ;) (Sup K527||fj(t,-)||r~> dt

J€Ng Jj€Np
) (1*9)512 ) 9(12
</ (sup K9] £, -n) at <sup KSU”fjHLoo,f(Gn))
T \j€Np Jj€Ng

g a 4 g 942
< [ (sup K5 F 150 0e) e (sup K IBEKF 1 )
T

JENo JE€Ng

where we applied Lemma 2.1.1 with g2 = oo and ¥ = p’in the last step. It follows

) ) Q1 ) ) 0q2
i _J Ji _ g
I{fiYiemo I, cGniy S |[Sup K772 | fj] sup Ko~z [f|
> jENo qu,F(Gn) jENO qu,F(Gn)
i_ a2
o
J€Ng qu,?(Gn)

This finishes the proof in the case of one component varying. For estimating more components
we use the monotonicity of the ¢ ,-spaces to arrive at the ¢;-norm and apply the previous steps to
obtain (2.6). O

Remark 2.1.3. Important applications of the previous Lemmata can for example be seen in
the embedding results in Chapter 3, see Lemma 3.1.26 and Lemma 3.1.25, but they have other
applications as well. For R? these results can also be found in Schmeisser and Triebel [74, Section
2.4.1].

2.2 Transference of Vector-valued Multipliers

We start by giving the main idea of this section. Every function f : G,, — C can be extended
to a function on R x R™ by f o, but in most cases this kind of extension loses the important
properties of the function f, e.g. if f is a non-zero element of L,(G,,), then f o is a function on
R x R" but no element of L,(R x R™). Still Coifman and Weiss [23] used this kind of extension
for compactly supported convolution operators and showed that in this case Lj-estimates can be
transferred from L,(R x R™) to L,(G,,). We will follow their ideas to extend their results to the
transference of Ly(R x R™; By)-estimates for By € {C,4,} with 1 < r < co. The cited paper of
Coifman and Weiss provides a general transference result for locally compact abelian groups, but
we will only focus on transference from R"*! to G,,.

For a given kernel k = (k;);jen with k; : R"™! — C we associate an operator T}, acting on functions
f=1(fj)jen with f; : R x R" — C by

1) @@= [ k-0t = [ ko5
]Rn+1 Rﬂ,+1
Note that the kernel and the functions can be constant with respect to j € N. The idea is to

consider the operator T}, acting on functions g = (9j)jen with g; : G, = C by

(2.8) (Tkg)j(t, x) = / 9j (w(t —8,x — y))kj(s, y) dy ds.

Rn+1
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We fix some notation for this section and define By and By such that B; € {C,¢,.} with 1 <r < oo
for i = 1,2 and 1 < ' < co. By Corollary 1.3.5 it suffices to consider sequences where each entry
is an element of .%(R"*1) respectively .#(G,,) and we will only consider these kind of sequences
in this section.

We start by showing that if k has compact support with respect to the first variable, then continuity
of T}, transfers to Tj.

Lemma 2.2.1. Let (k;)jen with k; : R*™' — C have uniformly compact support with respect to
T, i.€.
suppk; C [-R,R] x R" for some R >0 and all j € N,

and the associated operator Ty, given by (2.7) satisfies
||T1€fHL§(R"+1;Bz) < C(k)||fHL5(R"+1;Bl)'

Then the operator Ty, given by (2.8) satisfies

T3 f I p(Gnia) < ) FllLsiGniBy)

with the same constant c(k).

Proof: Note that for any function g : T x R™ — C we have

T T
/ g(m(E +7,2)) de = / g(m(€,z)) de
0 0

for all 7 € R. To every M € Ry we define the characteristic function xas(s) := X{jsj<r+m}- By
splitting p':= (p1,7) and for f € L(G,,B1) we obtain for each 7 € R

P1
dt
L#(R"™;B2)

/Rn+1 f; (7r(t +7—5x— y))kj(s,y) dy ds

T P1 = — /
I kf”L,;(Gn;Bz) T Jo ‘

by using the equality above. Since the integral is constant with respect to 7 we have

XM(T—s)fj(ﬂ(t—l—r—s,x—y))kj(s,y) dy ds dt dr

Rt Lz(R™;82)
p1

xm(T=38)fi(n(t+7—s,2—y))k;(s,y) dy ds dr dt.

Rt Lz(R™;82)

=

1
M
74
_1/
oM
0

Note that xas is constructed in a way that guarantees that xas(7 — s) equals 1 on the support
of k; for every 7 and every j € N. Furthermore, the function (7,2) — xam(7)f; (ﬂ(t + T, x)) is in
Lz(R™ 1 By) for every t € T. We extend the integral over 7 to R and use the estimate of T} to
derive

M
Hka”ilﬁ(Gn;Bz) T oOMT /
M

T

\i O\\‘

=

S

1T fIT: o [ [ () f5 (et +7,)) |1 dr dt
k L(Gr) OMT 0 & XM J ) L(R7;B;)

c p1 T
ok RO MG

M+R
= k)P I 1cim —37—

IN

P1
Lo(mB,) 44T
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As M was arbitrary, considering M — oo yields the result. O

To define the class of multipliers which can be transferred we introduce the following function. Let
Xn : R = R be the characteristic function of [—n,n| and define

|]
Xn * Xn(T) 1 /” 1 J1-5  forfz[<2n,

2.9 o(z) = = n(r—y)dy = —= !
(2.9) bn(z) V2m2n V2n2n _nX ( y) dy Vor |o for |z| > 2n.

Furthermore it is easy to see that

5 X inZ(n.
8) dn(€) = Var Jalh = = >0,

b) fRén(E) dg:fR%dngR%dle'

¢) It holds limy, o0 [ bn(€) d€ = 0 for every compact set A C R containing the origin in its
interior.

The first result is a straightforward calculation, the second follows from Plancherel’s Theorem and
the third from the fact that & — g% is integrable on A¢. Note that these properties also imply that

(;ASn is an approximate identity.

Definition 2.2.2. A bounded measurable function m : R x R™ — C is normalized with respect to

{6n(©)}nen = {9n(&1) - 9n(&2) -+ Sn(Ens1) Inen if limp oo (m * o) (£, @) = m(t, z) for all (¢,x) €
R x R™.

This guarantees that the values m(k, z) for k € Z are well-defined, as they are limits of continu-
ous uniformly bounded functions. An example of a normalized function is a bounded continuous
function, see Grafakos [41, Theorem 1.2.19]. The following Lemma provides the important ap-
proximation result for this section, as it constructs compactly supported kernels in L; (R"1) that
converge to given multipliers without exceeding their norm estimate. Before we state the lemma
we recall the convention that all f; € . (R""1) respectively f; € .(G,,) for all j € N.

Lemma 2.2.3. Let m; : R"™ — R be a sequence of normalized functions which satisfy the

estimate
[ E R I RG] 1) W)
P )

Then there exists a sequence of functions k; € L1 (R™™1) that converges to m; for | — oo in every
point £ € R" and all j € N. Additionally, they satisfy the estimate

(2.10) [{Zat s O 5O} o < ()| f )

Lp(R+158y)
for alll € N, and for fixred Il € N the functions k:é have uniform compact support with respect to
jeN.

Proof: We define .
m} (&) = (¢ * my)(€)

and by the assumptions that all m; are normalized, we conclude mé(f) — m;(§) for [ — oo for all
j € Nand all £ € R*"!. Furthermore, the estimate

(2.11) bl @esny < Mgl @o) 1, ey = 1m0l @)
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2.2 Transference of Vector-valued Multipliers

holds uniformly in [ € N.
As a next step we show that the functions mé fulfil (2.10) with a constant bounded by c¢(m)

uniformly in I € N. With ¢4 = (27)~ "% it holds

|7zt © fie)]

fntt /RnJrl /RnJrl mj (§ - y)’(&l(y) dyfj (6)&()5 dE

Ly(R*+1;85)

oo [ e =i e ae dy

S /
Rn+1

S /
Rn+1

Since all integrals are well-defined and exist by the regularity assumptions made on f; we can inter-
change the order of integration, and by applying Minkowski’s integral inequality the Lﬁ(R”“‘l; Bs)-
norm moves inside the integral; in the case of r = oo moving the supremum into the integral satisfies
the same estimate. For the next estimate we note that the term €)% does not change the integral
with respect to z and has no influence on the norm and Fgnt1[e OV f()] = Fpnsa[f](y + €).
Since the functions q@l have integral 1 for all [ € N we obtain

Lp(R*+1:B3)

Lﬁ(R”+1 ;BQ)

dy
Ly(R7+1;85)

onr [ i€ =) f©) ¢ e

cw [ mih e+ ) ds
Rn+1

dy.
Ly(R™H1;Bs)

hi) | Tt [ma(© Fre sl O 15010

[ENEIGHG

<
Ly(R"+1:B3) — Jrn+1 Ly(R"+1;B5)

2.12 < ) H e H ¢
( ) _C(m) S 1#1(3/) e f() Ly(Rn+1;8,) Y

= c(m) Hf||L5(R"+1;81) :

The functions mé- do not necessarily have compact support, so we take a non-negative function
h € CP(R™1) with integral equal to 1. By defining hy(z) = 1"t h(lz) we conclude hy(z) =
h(171¢) € Z(R™1). As h(0) = 1 we derive lim;_,o hy(€) = 1 for all £ € R*L. Defining the
kernels

kj = ‘/R"+1 [hlm ]

yields k} € Lo (R™!) because m} € Lo (R™*1) by (2.11). Furthermore l?:é(f) hi(&)m L&) = my(€)
1)

for I — oo and all £ € R"*L. As hy are uniformly bounded and by using (2.11) we obtaln

(2.13) IEL ) [ ety = Nmh I ey < ellmg o @oe).-

Next we are going to show that the functions ké have uniform compact support in j € N for fixed
[ € N as this implies k:é € L (R™*1). To avoid dealing with distributional convolutions and Fourier
transforms we consider the functions m; n := m;jxpy(0) € L1(R™*!) because m; is in Lo (R™*1).
We define the functions

kb o= hex (Y0 F 7 my w))

and note that their support is compact, since it is contained in supp h; + suppy; = supp h; +
[=21,21]"*" thus independent of j and N for every I € N. We will show limy o [k} 5 —
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k§|| Lo(rr+1y = 0 which implies the compact support of ké It holds

~ ! l o o5 s ,
J\/lgnoo ||kj,N - kj||L2(R"+1) - ]\}E)noo ‘hlmj =y [wl * mﬂ’N] HLQ(R"+1)

= lim ||A(-) / (- — y)my(y) dy

N—o0
By (0)° La(Rn+1)
= [n) i [ = o i) dy -0,
Rn+1 LQ(R7L+1)

Applying the ideas of (2.11) we see that the convolution is a bounded function uniformly in N and
hence by Lebesgue’s theorem of dominated convergence we can interchange integration and limit.
The integral inside of the norm converges since it exists by the same estimate. Therefore uniform
compact support in j € N for ké holds for each I € N, thus yielding k‘é € L1 (R"*1). We are left to
show that the estimate (2.10) holds. We obtain

|7t felc)| nn || (= Zaa (@ f(©)) O

LZ;(R"+1 iB2)

|| [ ) Fb OO~ 9) dy

Lﬁ(R”+1 ;82)

Lp(R™+1:85)

Seont| [ M@IZZE O FEO ~ s, dy

LyR"+)

[Zakalmt©F @10

< ept1c(m) ||f||L5(R"+1;Bl) :

< Cn+1th“L1(R"+l) L(Rn+1;5,)
P iBa

By the same argument as before we moved the Bs-norm into the integral and applied Young’s
inequality together with the estimate from (2.12) to conclude the result. O

To transfer the multiplier to the group we need to calculate the Fourier transform of the operators
T}. By the result of Corollary 1.3.5 we can restrict the consideration to functions of the form
27

(2.14) inta)= 3 pnl@)e

|m|<N

where ¢; € C§F(R").

Lemma 2.2.4. Let h = (hj)jen with h; € Ly(R") for all j € N and T}, given by (2.8). Then
- ntla (2T
Fe, [(Tnow);) (k) = (2m)F by (k.6 ) Z o] (h,€)
holds for all (k,&) € @n, every j € N, and for every function v of the form as in equation (2.14).
Proof: We have

¢r(€)  for [k <N,

Fnl(k,€) : Z xR = C with F[¥n] (k) = {o for [k > N
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2.2 Transference of Vector-valued Multipliers

Furthermore it holds

(Th(¥n));(t,2) = Z i F /n Om(x — y)/th(s,y)e_"z%ms ds dy

|m|<N

_ FFM G () s [F%h( )}(QWm).

Im|<N T
So by applying .# we see
F[(Euwn), ) (k.8 = 7 3 avﬁmpm*wzbf*JRh< )}(3ﬂnﬂ
|m|<N
e X a0 (En)
Im|<N

= (2m)*F 72 (7 (b 5ﬁi(iﬁ,e))) (2m) "8 Gk, Ohy (2, €),

hence we obtain the results. O

This Lemma allows the combinations of all previous results and we are therefore able to prove the
transference principle for multipliers from R x R" to (G,,, the main theorem of this section.

Theorem 2.2.5. Let m; : R x R" — C be a sequence of normalized functions which satisfy the
estimate

[{Zata s © F O o

Ly(Rn+1;5,) < c(m)|| fllL mn+1,8,)

for 1 < p < oo. Then the functions m; : @n — C are well-defined and satisfy the estimate

(2.15) {75kl e ) F 0,01} | < ()|l prxr )

Lﬁ(TXR"’ ;52)

for all f € Ly(G,; B1) such that f; € #(Gy,) for all j € N.

Proof: We find compactly supported kernels ké € Li(R"!) by Lemma 2.2.3 such that /Aﬂé & —

m;(€) for all £ € R™ and j € N. Hence the restriction of m; to én is well-defined as stated
before. Let f be of the form stated in Corollary 1.3.5 and hence each f; is of the form (2.14). Since
the kernels k% are uniformly bounded by [lm;]|r_ @+ by inequality (2.13) we derive

T mj(k,€) fi (k. )] = 75 [lim K} (k, ) f;(k, )] = lim Fg ! [k (k. &) f; (k. €)).

Applying the result of Lemma 2.2.4 and defining w = 27” yields

|75 im0 F 0 £10) = |[iminf #5 [k (wk, ) F (. ©)()

L;‘;’(GnQBZ) L;E(Gn§82)

lim inf |7 ! [k (wk, €) f (k. €)]() |5,

Lﬁ(Gn)
< hmmf Hﬂ’G kl (wk 5)]3(]975)]()‘

Ly(Gn;B2)

< lim inf HTk f
l—o00 ¥

< e,
Ly(Gn;B2) C(m)”fHLp(Gn,Bl)
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We used Fatou’s Lemma to interchange the limes inferior with the norms, and in the case of I, it
follows from || liminf; e filloo < ||Hminfi— oo || filloolloc = liminf; oo || fillco- By Lemma 2.2.4 we
arrive at the operators Tkz_, and combining the results of Lemma 2.2.1 and 2.2.3 yields the estimate.
To remove the scaling factor w we note that if m is a multiplier, then every scaled version of m
is a multiplier with the same norm estimate. This result is proven by a straightforward change of
variable argument and can be done in this case as well. Hence the result follows by density from
Corollary 1.3.5. O

2.3 Littlewood-Paley Decomposition

The idea of the Littlewood-Paley decomposition is to consider an operator 1" given by (T'f); :=
fﬂgnlefmn f for j € Ny and functions ¢; € C§°(R"). The decomposition result follows if one can
show continuity of 7" from Lz(R") to Lz(R™, £5). In the case of p = 2 the result can be shown by an
application of Plancherel’s theorem, but for the other values of p’ we need an extension result for
Banach space valued operators. In the first section we provide an extension result in an anisotropic
setting and apply this result in the second section to arrive at the decomposition.

2.3.1 Anisotropic Extension Results

We start by recalling an anisotropic Calderén-Zygmund decomposition, which is known to be
an important tool for results regarding operator extension. The idea goes back to Coifman and
Weiss [22,24], a summary of their results can be found in Sato [73, Chapter 2] for example. For
the sake of completeness we will give some of the ideas in the following.

Lemma 2.3.1. Let @ € (0,00)", O C R™ an open and bounded set and n > 1. Then there exists
a sequence of balls {B;}jen = {Ba(z;, R;)}jen satisfying:

a) O = UjeN B;j,

b) there exists a constant M = M(d,n) such that no point of R™ belongs to more than M of the
balls Bz(z;,nR;),

¢) there exists N = N(d,n) > 1 such that Bz(z;, NR;) N O # 0 for all j € N.

Proof: The result follows from Coifman and Weiss [24, Theorem 3.2]. We only need to check
that (R™,]|-|z) is a space of homogeneous type according to their definition. This is readily done,

because d(z,y) := | — y|z is a quasi-metric by Proposition 1.4.2 for all values of @ and since we
are dealing with the Lebesgue measure p we have u(Bz(0, R)) = Rl@l¢, for some constant ¢, > 0
by Lemma 1.4.5. O

This covering allows to construct a first decomposition for compactly supported functions, which
we will do in the following.

Lemma 2.3.2. Let a > 0, @ € (0,00)", and f € L1(R™) with compact support. Take n > 1, then
there exists a sequence of balls {B;}jen := {Ba(z;, Rj)} and a constant C = C(d,n) satisfying:

a) there exists a constant M = M (d,n) such that no point of R™ belongs to more than M of the
balls Bz(x;,nR;),

b) 32521 1(Bj) < Sl Il n)s

¢) wimy Jp, 1f (@) dz < Ca,
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2.3 Littlewood-Paley Decomposition

d) [f(z)| < a for almost all x ¢ J; oy B;-

Proof: We set O := {z € R" | Mzf(z) > o}, where Mg is similar to the maximal operator
from (1.22), but instead the supremum is taken over all balls Bz(y, R) such that x is an element
of the ball. It is clear that O is open and from Coifman and Weiss [24, Theorem 3.5] we obtain
the estimate

Co (@)

(0%

(2.16) wO) < I £l (mn)-

Since f is compactly supported the set O is bounded and hence we can apply Lemma 2.3.1 to it.
We therefore obtain a sequence of balls {B;};jen := {Bgz(x;, R;)} with union O. Part b) of said
Lemma implies the existence of M(d,n) and hence together with (2.16) also part a) and b). The
boundedness of the maximal operator 91z implies Lebesgue’s differentiation theorem for the balls
Bga(y, R) and hence the estimate |f(z)] < Mz f(x) for almost all x € R™. We therefore conclude
part d). From the construction of B; we obtain an N > 1 such Bg(z;, NR;) contains a y ¢ O,
hence we derive

1 / 1(Ba(z;, NR;)) 1
f(z)|dx < f(x)| dx
ws;) ) 1) W(B;)  #(Ba(ey, NE) Sl
Bj Bg(zj,NR;)
< N, f(y) < Nldla.
Thus proving part c). O

With this result we are able to construct an anisotropic Calderén-Zygmund decomposition into
the well-known good function g and bad function b, that possess additional important properties.

Lemma 2.3.3. Let B be a Banach space, f € Li(R™, B) with compact support, and « > 0. Then
there exists a sequence of balls {B;}jen := {Ba(xj, R;)}, a constant C(a@), and functions g,b such
that

a) f=g+b,

b) lgllv, @5 < IfllL, @5, and ||gllL. @&~ 5) < Ca,
¢) b=3772, b with suppb; C By,

d) [bj(z)dz =0 for all j €N,

e) 1bjllL, &n,5) < Cau(B;),

f) Z;; w(Bj) < QHfHLl(]Rn,B)-

Proof: We apply to || f||5 the results of Lemma 2.3.2 and hence obtain a corresponding sequence
{Bj}jen of balls and set O := U2, B;. Furthermore we define

XB; (3?)

———— forzeO
Zj:l XB_;’ (l’)

hj(x) =
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2 Harmonic Analysis

and 0 otherwise. Set

1
5 | fWhs(z) dy | xs,(z).
H*(B])B{

All assertions now follow from direct computation and using the properties of Lemma 2.3.2. [

Remark 2.3.4. An estimate that is crucial for further proofs but generally not stated in the
decomposition result is

i L 1 11
(2.17) l9llL,®~.B) < ||9||E1(Rn,3)HgHﬁm(RnB) < ||9||€1(Rn’3)c”/0“’/a

which follows directly from the interpolation inequality of L,-spaces.

One of the important implications of the previous decomposition is the following extension result.
The version presented here can be extended to allow for singular integral kernels, see Grafakos [41,
Sections 5.3 and 5.6] whose approach to the proof we will follow. However, since the main goal
of this section is to extend the result to Ly we will refrain from singular integral kernels as they
impose problems to the extension. We will give remarks on this problem later on.

Lemma 2.3.5. Let By and By be Banach spaces and K : R™ — L(By,Bs) locally integrable.
Furthermore we require that the operator

Tf(r) = - K(z —y)f(y)dy

is bounded from L,(R™, By) to Ly(R™, B2) for one q € (1,00] with norm B and we assume that K
fulfils an anisotropic Hormander’s condition

(2.18) sup [ 1K =) - K@), do < 4
Y

lzla>nlyla

for some n € (1,00) and A > 0. Then the operator T extends to a continuous operator from
L1 (R™, B1) to Ly oo(R™, Ba), i.e. there exists a dimensional constant Cy, gz > 0 such that

(2.19) ITfllL,. o ®n,8y) < Cra(A+ B)IfllL, @ 51

for all F € L1 (R™, Bs), and to a bounded operator from L,(R™, By) to L,(R™, Bs) for allp € (1,00),
i.e. there exists a constant C,, , such that

(2.20) 1T fllL, & B,) < Cnp(A+ B)|fllL, &~ 85))

for all f € Ly(R™, By).
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2.3 Littlewood-Paley Decomposition

Proof: We start by showing the L  estimate, hence let 8 > 0 be given. We take f € L;(R"™, B;)
with compact support and corresponding decomposition f = g+b to o = % from Lemma 2.3.3,
here C denotes the constant in the estimates of said lemma. By the following standard inequality

e e B [T/, > )| < |{z € B" | I To(@)ls, > 0 }| + [{o e B | 1702 s, > 2]

we can consider g and b separately. For ¢ < oo we obtain

. B 2\ ¢ 2B\
Hx eR" | ||Tg|l5, > 5}’ <{3 /]R 1Tg(x)ll5, do < 5 l9llL, @n 5,)

2B\ s o (2B)ICT 14
< | — n Ciqgd = —~ — n
< ( 5 ) l9llL, &n,8,)C7 @ Bia gl (rm 8,)

opldluiee sy o p L@ 5)
i 5 *

For ¢ = oo we have ||Tg|._ (&~ 5,) < BllgllL.. @ 58,) < CBa = g, hence the above measure is 0.
Next up we consider Th and define
B]* = B&'(xjanR])7

which are stretched versions of the balls B; from Lemma 2.3.3 with the same center. It holds

o cr | 17els, > 23| < |UB;
J

+{zeUB; 1imsls, > 5}

. 2
< pll B-+—/ Th(z)||p, dz
<n ;' i 5 Jiuw: e 1Tb(z)| 5,

7 I Il me,8,) 2
< plilgc2 gl I ®".By) | f/ Tb;(z)|5, dz
SR, Tl

since b = > j b;. Recall that z; is the middle point of B; and by construction of B} as well. Since
b; is supported on B; and has mean value zero we conclude

/ ITb; ()|, dy = /
(57 (57"

:/ / [K(z —y) — K(z —x;)]b;(y) dy’B da
(By) " /B, .

dx
B2

[ G-t ]
B;

<[] G ) - K= )b, dy do
(Bj)e 7 B;
< [ Ils, [ K@) - Ko=), 5, 4
B; (Bj)e
Furthermore we obtain the following identity
[ bwls, [ 5@ - K= )| g, 6, o do
B; (B;)e

- /B 16, ()5, /(B*) |K (2 —25) ~ (0~ 25)) = K& — ;)| g, 5, g
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So for the integral concerning the kernel K we can assume that B; and B are centered around
the origin. By construction we have y € B; = Ba(z;, R;) if and only if |[y|lz < R; and x € (B)°
if and only if |z[z > nR;. This enables the usage of (2.18) to the last integral and hence by using
the properties of Lemma 2.3.3 we derive

Z/(B*) ||Tbj(y)HB2 dy < ZA”bj”Ll(R"ﬁﬂ < ACszHLl(Rn,Bl)-
J 5)° j
Combining all previous estimates yields

[{z e R™ | |Tflls, > B}] < [23 +nlilac?B + 2A02] 'f”LéRB)

Since compactly supported functions are dense in L; (R™, B1) by Lemma 1.3.3 we obtain continuity
from Lq (R", B1) to Ly oo (R™, Bz) and the estimate (2.19).

An application of the Banach space valued Marcinkiewicz interpolation theorem yields continuity
T : Ly(R™, B1) = Ly(R™, By) for 1 < p < g, hence the result follows for ¢ = co. So we are left
to consider the case of ¢ < oco. It is known that the adjoint operator T™ of T is a continuous
operator from Ly (R", Bf) to Ly (R", Bf) with kernel K*(—z), where K* : R™ — L(Bj, BY), see
Grafakos [41, Theorem 5.6.1] for details on these statements. As the kernels K and K* have the
same operator norm condition (2.18) is satisfied by K*. Hence the previous arguments apply to
T* and we therefore obtain that T* is bounded from L, (R", B3) — L, (R™, BY) for any 1 <r < ¢.
This implies boundedness for T' from L,(R"™, B;) — L,(R", By) for ¢ < p < oo by the previous
arguments and hence the results for all stated p. O

With the preparations of Lemma 2.3.5 we generalize the ideas of Benedek, Calder6n and Pan-
zone [12] to show boundedness of convolution operators in the Ly-setting. A similar theorem has
been proven by Krée [58, Theorem 4], but as the proof is a bit sparse we will present a detailed
proof.

Theorem 2.3.6. Let By and By be Banach spaces and K : R™ — L(By,Bs) locally integrable.
Furthermore we require that the operator

TF(@)= [ K(—y)F)y

is bounded from Lg(R™, B1) to Lg(R™, Bs) for one ¢ € (1,00)™ with norm B > 0. Additionally, we
assume that K fulfils an anisotropic Hormander’s condition

(2.21) sup / 1K (z —y) — K@)l cB1,8,) do < A
lz|a=nlyla

for some n € (1,00). Then the operator T  extends to a continuous operator from Ly(R™, By) to
Lz(R™, Bs) for all p € (1,00)™ and satisfies the estimate

(2.22) ITF L@ B2) < C(n, 7, A B[ F Ly 51)

for all F € Lz(R™, B1) and some constant C(n,p, A, B) > 0.
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2.3 Littlewood-Paley Decomposition

Proof: We argue by induction and for n = 1 the result follows from Lemma 2.3.5. Hence we can
assume the result holds for n — 1 variables. Every function F' € Lz(R™, B1) can also be understood
as a function in Ly (R""!, L, (R,B;)) and to avoid confusion we denote by EF the function F
understood as an element of Ly (R"1, L, (R,B;)). We define

. l .
F f n <la K /7 n - In h n d n f n <l;
WF = Flonl S5 nd Ky = LI K@@ = ynhlyn) dyn - iF foal <
0 if |zn| > 1, if || > 1,

for h € L, (R,B;) and | € N. We conclude K; € L(L,, (R, B1),L,, (R, Bs)) for almost all 2/ € R*~!

from

1
Pn e
dxn)

l l
1 Wl e < ([ ] [ 1620 =)o, Il

1

Pn e
dxn) "

l 21
<(f 1] IR 2 e = 20) s, e,
21
<Ml e [ I )l o

The last estimate is an application of Minkowski’s integral inequality, and the inequality implies
that K is locally integrable as K was. Therefore, we conclude

1Ki(z" —¢') = Ki(2)l| 2, (®,81).Ly, (R.Ba)) A2’

|’z >nly’ |z
< / K (2" =y, zn) — K(, )|l 2(81.8,) dTn da’
[z 5 >nly’ |z *
< [ IR ) - 0.0) - K@, e do < 4

[(@",zn)|a=nl(y",0)|a

by inequality (2.21).
For functions F € LY (R"~1 L, (R,B;)) we define the operator

TF() = / Ki(e' —y)F(y') dy.
Rn—l

which is well-defined by the local integrability of K;. For a function H € LI (R",B;) we derive
the identity T)=H = =+, T~;H and hence the estimate

(2.23) ITEH |1, -1 Ly, ®82)) = [MTVH L & 8,) < N1 TVH |1 ®n8,)
< Bl|EH|L, &r-1 Ly, (®R,B1))-
By Lemma 1.3.3 b) the set L (R™,B;) is dense in Ly (R""! L, (R,B;)) and hence for every I

the operator T; is bounded with norm estimated by B independent of [. The operators 1} satisfy
inequality (2.21) uniformly in [ and an application of the induction assumption yields

I G|L @11, ®B)) < C(n—1,7 A, B)||GlL.(rn—1 L,, ®B))

43
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for all G € Lz(R"1,L,, (R, B;)) and all 7 € (1,00)" . This implies
IMTvE L, &8y = ITIEF||L.(rr-1L,, (®5))
< C(?’L — 17F, A, B)HEFHLF(R"—HL% (R,B1)) = C(?’L — I,F, A7B)HF||LQ

Tdn

(R, B1)

for any F € Lz, (R™,B;) and every 7 € (1,00)" 1.

We are left to show that Ty, F converges to TF for F € LI (R™,B;) in Lz, (R",By). Note
that v F° = F for [ large enough and an application of the monotone convergence theorem
yields |TF||y., ®»8,) S IFlL., @5 for r € (1,00)""!. Hence we can apply the theorem
of dominated convergence to conclude that v, Ty, F converges to TF in Ly, (R",By) for any
F € L9 (R",B;), and since the operators are uniformly bounded, this implies convergence for
all F' € Lz, (R, By).

To be able to modify ¢, we pick 7 to be equal to ¢, in every component and apply Lemma 2.3.5
to obtain continuity for all p € (1, 00). For a given p' € (1,00)™ we fix p,, and use the L, (R", B1)-
continuity of 7' together with the previous steps to deduce Ly(R™,By) continuity. Since the last
steps only require applications of Lemma 2.3.5 and the previously used arguments we derive the
stated dependence of the constant. O

Remark 2.3.7. The above approach to derive Ly estimates is quite standard, but fails in the case
where the function K is singular, because the operators K; do in general not have to exist. A
way to consider singular integral operators is either the theory of Muckenhoupt weights, see for
example Kurtz [59], or R-boundedness, see for example Hytonen and Portal [47].

Motivated by the ideas of Krée [58] we state an alternative condition to the one of Hérmander
from (2.18) for the function K to satisfy to apply the previous Lemmata.

Corollary 2.3.8. For B; := Bz(0,27) the condition from (2.18) or (2.21) can be replaced by the
condition, that there exists an m € N such that

(2.24) swp [ K@)~ K@)lew sy de <A forall y € By,
TR\ B,
Proof: For any y € R™\ {0} we find a unique j € Z such that y € B;_,, but y ¢ Bj_1_,,,. For
n = 2m*T1 every z of the set {x € R™ | |z|z > n|y|s} satisfies
|x|z'i > 2m+1|y|a > 2m+12j—1—m — 2j7

and therefore € R™\ B;. Hence the integral from (2.24) is a majorant to the integral from (2.18)
or (2.21). As the choice of 1 does not depend on y we obtain the result. O

2.3.2 The Decomposition Result

With the preparations of the previous section we are able to prove an anisotropic Littlewood-
Paley decomposition and we start by introducing an anisotropic decomposition of unity. As this
decomposition will be of importance in Chapter 3 we will be thorough in its introduction and
introduce more than strictly needed for this section.
Fix @ € (0,00)™ and b € (0, 00) throughout this section and let 7 € C3°(R) be a positive function
bounded by 1 such that

) = {1 It < e,

0 Jt[>d,
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2.3 Littlewood-Paley Decomposition

where ¢ < d and ¢,d € R;. Next set 7; : R"1 — R as 7;(&) = 7(279|¢]p.4) for j € Ny to define
functions ¢; € C(R" 1) by

¥;(8)
Yo(§)

7i(§) = 7-1(§) for j €N,

(2.25) (6).

The identity 1 = Z?io ¥;(€) holds for all £ € R™*! and

supptp; C {€ € R |2/ 7! <[, 7 < d2'}  jEN,
supp o C {£ € R"™| €] 5 < d} .

As long as 2¢ > d we define v € C°(R) as a positive function bounded by 1 such that

vwz{l 1< d,

0 |t =2,

and in the same way as before v; : R"™! — R by v;(¢) = v(277(¢|p,z) for j € Z and j > —1. This
enables the definition of functions ¥; € C§°(R"*!) by

;&) =7;(&) —vj—2(§) forj €N,

(2.26) Wo(€) = 70(E),

such that 1;(£)¥;(€) = ;(£) holds for all £ € R"*! and all j € Ny. This follows from the facts
that ; equals 1 on [€], 7 < d27 and 7j_2 equals zero as long as 2/ ~'c < |¢[,, z, hence we obtain the
identity for j € N and as the case of j = 0 is clear it holds for all j € Nj.

For the first decomposition result we need an additional set of functions ¢; € C5°(R™), defined by

(2.27) ¢; () = 7(277[€la) — (2! IEla) for j € Zs
here the assumption 2¢ > d does not need to be satisfied. Straightforward calculations show
(2.28) supp ¢; C {5 ER™ |27 < ||z < d2j} for j € Z,

and ) ;o7 ¢5(§) = 1 for all £ € R™ \ {0}. The following proof extends the ideas of Lizorkin [65]
to the anisotropic case, and by the structure of ¢; we avoid a small inaccuracy of the cited proof.
It is known that by a more iterated approach, for example with the ideas of Grafakos [41, Section
6.1.3], the proof of Lizorkin can be adjusted.

Lemma 2.3.9. Let 1 < p' < oo, and ¢; from (2.27) with arbitrary values of ¢ < d. Then there
exist constants C(p,d) > 0 such that

ol

(2.29) <Z |anl¢j§R”f|2> < C@, )| fllrymm

jez Ly(R™)

for all f € Lz(R™).
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2 Harmonic Analysis

Proof: For a given function f € Ly(R™) we define the operator
(Tf); == Fpi ;T [ = Tt (¢5) % f =1 Kj * f,
with a kernel K = {K};cz. We want to show continuity in the setting of T : Lz(R™) — Lz(R"™, £2),
and hence the kernel K : R" — L(C, /) has the operator norm ||K(z)|/zc,e,) = {E;(x)}jezlle,-
The identity in (5.3) below together with ¢;(£) = ¢o(2779¢) yields
Kj(z) = [Fai ¢5)(x) = 219 (il do) (277a).

The /5-norm of this sequence has a singularity in x = 0 and we therefore consider the truncated
operator TV with kernel KV given by (KV); = K, for j < N and (KV); = 0 for j > N. As
po € CF(R™) it follows Fp.igy € #(R") and therefore |V.Zg,! ¢o| + | Fan do| < Cy for some
constant C7 > 0. This implies

1KY ()7, = Z | (2 Z 29187~ o) (272) P < CF Z 22181 < o0,

j=—00 j==—00 j==—00
By the identity from (5.3) we obtain
Ty [031(27) = 2707 Mg (2770 )] (2) = 2719 7. g4 ()
for any s € Z by (2.27) and Proposition 1.4.2 a), hence || {K;(2°%x)};jezlle, = 27519 {K;(2)} ezl e,
With the same arguments as in the proof of Lemma 5.1.2 we conclude
I{0:K;(2°72)} jezlle, = 2719724 | {8k () }jez e

for s € Z and 7 € N such that 1 <i <n.
We are going to show the condition (2.24) and take m € N such that m > %, where 7 =
min{l, ai, as,...,a,}. For y € B;_,, we have

/ KN (z —y) — KN (2)|e, dz < / Z/ H o ac—ty( Yi) . dt dz
R\ B; RM\B; =
(2.30) < 220’—’")% / H aKN dz
= 6xZ e

Bz (0,27 29)¢
as |y;| < 20~ The change in the domain of integration follows from Proposition 1.4.2 by
|z —tylz > 2 Flalz — |yla > 21720 —20mm = 2i(21F 27y > 2i9 7

We define C; := B;(0, 2727 ), fix 4, and split up the integral into anisotropic disks to conclude

aKN =
oli—m)a; < (j—m)a; H
/H ox; (2|, 4= = ZZJ_Q / axz

L2 Lo

Ci4+1\C
oo
= § " gli-maitilal / H @) de
; &"rz
=J C1\Co
oo
2.31 N 9l-mai+lal—ild|~la; / H
. 2 sl
= C1\Co
o0
_ 9-ma; N gl / H
- C1\Co
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2.3 Littlewood-Paley Decomposition

By the calculations from before we obtain 9;K;(z) = 2/Udl+9) (9, 71 $0)(29%2) and ;. Fg, ¢o is
an element of .#(R™). Hence there exists a constant Cy > 0 such that ||x|§|a|8ifﬂg,}¢o(m)’ < Cs.
For |z|z > 2™+ this implies

0 ) 0 0o -
0K |12 OK; , || OK; ’2 , (ot 92i (|l +a:)
= — | <C p2ula+an) 4 023 2T
Haxi (@) €2 Z ‘ 0z; (x)‘ + Z‘ ox; @] <& Z o : |2j5$€|€|a|

J==00 Jj=1 j=—o00 j=1 .

7 o~ 2%l raimslal) " 6181 o= +25(a;—2|d
< Cie(@) + C3 E W < C2¢(@) + C227+ 2223( —20a) ¢ o0
Jj=1 a j=1

since 2|d@| > a; for all 1 < i < n. Applying the estimate to the last integral of (2.31) and combining
with (2.30) implies the existence of a constant C'(@) > 0 such that

swp [ KV = y) - K@)l < C@)
JEZ

Rn\Bj
for any y € B;j_,, and all N € N. Therefore the assumption of Corollary 2.3.8 is satisfied uniformly
in N e N.
We obtain continuity for p = 2 from

N N
TR ey = D NF 03T fl ey = D 65 F FIIE )

j=—o00 j=—o00
P
J

JEL

since there exists an upper bound independent of x € R™ on the number of nonzero elements in
the sum 3, @3 by (2.28).

Hence Theorem 2.3.6 yields constants C(p,@) such that [TV f[lL gn.e) < CpllfllLymn for all
N € N. For f € Ly(R") the term ||V f(z)||s, converges monotonically to | T f(z)]|¢, for fixed x as
a sequence in R. The theorem of monotone convergence implies

IN

oo By < elF 1oy,

1T g ey = || i 1T Flles

N—oc0

— i H ™
Ngnoo || f”b

< Cﬁ”fHLi;(R"ﬁ

and hence ||Tf(x)|¢, is finite for almost all z € R™. Therefore, TV f(x) converges to T f(x) for
almost all x € R™ in /3. From an application of the dominated convergence theorem we obtain
| TN f — Tf||Lﬁ(Rn’e2) — 0 for N — oo, and this implies that T is a bounded operator from
Ly(R"™) — Ls(R™, £3). Note that each element of the extension indeed has the form Fg, ¢; Frn f
because the Fourier transform is well-defined for the occurring combination of functions. O

With the preparations of the previous lemma we are able to prove the main result of this section.
We will use the functions ; constructed above with the restriction of 2¢ > d for the decomposition.
The reason is that we need functions that are equal to 1 on the support of ¢;, and we constructed
these only in the case of 2¢ < d. This is only a technical reason and can be removed if needed.

Theorem 2.3.10. Let 1 < p'< 0o and ¢; : R"™' — R defined by (2.25) with 2c > d. Then there
exrist constants C;?, Cf? such that

2
(2.32) Cll f Il mnery < < > |<211<_n1+17/’j¢%1§"+1f|2> < CEf llupmntry
J€No Lp(RnHt)

for all f € Ly(R™1).
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2 Harmonic Analysis

Proof: Lemma 2.3.9 holds for arbitrary dimension and the n+1-dimensional version of ¢; coincides
with ¢; for j € N for arbitrary (b,@) € (0,00)"*". Hence the existence of CZ follows from
Lemma 2.3.9 and the obvious estimate ||.Z '90.Z f|7 < || fll5 as F 1o € L (R™T) by a direct
application of the triangle inequality.

For the opposite direction we take ¥; from (2.26) such that W;v; = 4, for all j € Ny. The estimate
from the beginning of the proof holds true for ¥; as well, since we can apply Lemma 2.3.9 for j € N
with corresponding ¢; and the case of j = 0 is again obvious. We take f € . (R"*') and define
v = Z;V:o yﬂg,}ﬂwj U Fpnt1 f for N € N. An application of Plancherel’s theorem yields

N
H Zgﬂgnl-#le\llij”Jrlf - fH = H Z%melf J}RnﬂfH
=0

Lz(]R"+1) L (]Rn+1

and hence by the theorem of dominated convergence we obtain convergence of fy to f in Lg(R"*1),
since Z?’:O t; converges to 1 by construction. This implies convergence in .&/(R"*!) and for
f,9 € Z(R"*1) we obtain

| [ #@i@ da| = 11,3 = | P Wy B £.3)] = | S 05 P £, T Frrro)
§=0 j=0

Rn+1

o0
= ‘ Z<Q]R*nl+1¢jﬁ]gn+l f, ﬁ\R*nl_*_l \Ilijan g) ’

Jj=
(233) < ‘/]R Z ’anJrl wj/RnJrl.ﬂ( ) ]R"+l[\Ij ’/R"Jrlg )’ dz

J

=0
< / H‘g e | [¥;Frn f (x)HeQHf%@lﬂ[‘I’J‘yﬂ%wflg](@”zz dz

Rn+1

< |17t s Fann A1, | Zkes (¥, Frniag],

Ly(R"+1) L5 (Rn+1)
< 0 0. @) |12l e Al o ol o
This implies the opposite direction by Lemma 1.3.2. O

We close this chapter by proving the Littlewood-Paley decomposition on G,,, but we are going to
show a bit more than in R"*! as we will show that any distribution u € .#’(G,,) with finite norm
of the decomposition is in fact a regular distribution given by an element of Ly 5(G5).

Corollary 2.3.11. Let 1 < ¢,p < o0, and @; := 1;

there exist constants C'q 5 C’2 5 such that

‘an with v; as in (2.25) with 2¢ > d. Then

Nl

(2.34) Copllflit, Gy < ( > IflwffF) < C?alflL, s

jEN
I=e Lg,5(Gn)

for all f € Ly 5(Gy). Furthermore if the expression H (Z 1 p; Fu JENOHL S(Gnrt2) is finite for any

u € S (Gy), then u € Ly 5(G,,) and u satisfies the estimate from (2.84).

48



2.3 Littlewood-Paley Decomposition

Proof: The existence of C(iﬁ follows from Theorem 2.3.10 and Theorem 2.2.5 with By = /5 and
By =C.

As the expression is finite for any f € Ly 7(Gr) by the existence of CqQ’ﬁ we can restrict the
considerations to the second statement. For u € ./(G,,) the identity u = Z;)io Froi®;Fu
holds for ®; := U, ’571 as )i, p;®; =372, pj = 1. By repeating the steps of (2.33) we conclude
the estimate

=\ < a—1.. g.,).
B 5 IF e Pl el 6

for every ¢ € .#(Gp). Lemma 1.3.2 yields the result since u is a continuous functional on L , ~(Gr)
and hence an element of Ly 5(Gy,) which satisfies the estimate. O
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CHAPTER 3

Time-Periodic Anisotropic Function Spaces

An important tool for the analysis of boundary value problems are estimates of a trace operator. In
the parabolic setting, the work of Weidemaier [81-83] and additionally the paper of Denk, Hieber
and Priiss [27] determined the trace space of Wi-2((0,T) x €2) for some time T > 0 and a regular
domain 2 C R™. They expressed this trace space as an intersection of Triebel-Lizorkin spaces with
values in a Lebesgue or Sobolev-Slobodeckij space. Later the study of this problem was generalized
to the trace problem of arbitrary Triebel-Lizorkin spaces, see Johnsen and Sickel [56] and Johnsen,
Munch Hansen and Sickel [53,54] for details. They were not the first to consider this type of
problem, since Berkolaiko [14-17] derived results previously. A good overview of these results can
be found in Denk and Kaip [28, Section 3.2].

The goal of this chapter is to extend the results of [56] to time-periodic functions. Before we con-
tinue it is important to note that the previous results cannot directly be applied to the time-periodic
setting because given a function w in the trace space the cited theory constructs an extension Eu
such that its trace is u, but the periodicity of Eu cannot be assured. This operator E is called
a right inverse to the trace operator Tr because we have TroE = Id. For the considerations in
Chapter 4 we need an answer to the question “If u is time-periodic, is it possible to construct
a time-periodic Fu?”. Since the cited work cannot give an answer to this question more con-
siderations are necessary. Additionally, we need to be able to construct extensions that preserve
pure periodicity, i.e., if the boundary value is an element of the image of the projection P, , the
constructed right inverse needs to be as well. All of this led to the considerations of Celik and
Kyed [20,21], who studied this problem in the case W}f (T x §2). Observe that their approach
cannot be extended to the case of Wé;g with p # ¢ which is why we have to proceed in a different
way in the following.

In Section 3.1 we introduce time-periodic anisotropic Besov and Triebel-Lizorkin spaces on G,, =
T x R™ using the anisotropic distance function from Section 1.4, which was formalized by Ya-
mazaki [85,86]. To our knowledge such spaces have not been considered on a combination of T and
R before, for early considerations on either R™ or T™ see Triebel [80, Chapter 10] or Schmeisser and
Triebel [74] for example. To keep this thesis self-contained, we will refrain from omitting similar
proofs. A reader familiar with this type of spaces can easily skim over this section.

Section 3.2 concerns the question of whether the product of two functions from Besov or Triebel-
Lizorkin spaces is an element of any space of this type. While this question is easily answered for
L; functions by Holder’s inequality (1.4), it is fairly technical in this general setting. We refer to

o1



3 Time-Periodic Anisotropic Function Spaces

Johnsen [51] and Sickel and Runst [72, Chapter 4] as a comprehensive overview of this topic in the
non-periodic case and we follow their approach to extend their results to the case of time-periodic
Besov or Triebel-Lizorkin function spaces.

The last two sections are concerned with the trace problem stated in the beginning of this intro-
duction. We will follow the ideas of Johnsen and Sickel [56], whose approach relies on Fourier
analysis. Working on the locally compact abelian group G,, allows us to combine their methods
with the introduced tools of Fourier transform and transference principle. We first construct a
continuous extension operator in Section 3.3, and afterwards we show existence and continuity of
the trace operator in Section 3.4.

3.1 Basic Properties

The following definitions are based on the anisotropic distance functions introduced in Section 1.4.
We fix @ € (0,00)™ and b € (0,00) for this section. As different parameters give rise to different
spaces, each space will have a superscript noting the anisotropy. We start by introducing Bessel
potential spaces by making use of the function (-); z, see Lemma 1.4.4.

Definition 3.1.1. For 1 < p,q < oo and s € R we define the anisotropic Bessel potential space

H;:g”a) (Gr) as the set of all u € &'(G,,) such that the norm

= |7 (K, €)); 2T u]

Hu||H21g,d‘)(Gn) ||Lq,ﬁ(Gn)

is finite. If @ =1 and b = 1, we simply write H; +(G;) := szg’l)(Gn).

Note that in the previous definition C*°-regularity for (-), ; was necessary, as it acts by multiplica-
tion on elements of .#/(G,,). For the next spaces we modify the anisotropic decomposition of unity
defined in (2.25) and (2.26), as we do not need to keep ¢ and d variable and want these functions

to be defined on G,,. We collect the important information in the following definition.

Definition 3.1.2. The set of functions ¢; : @n — R is defined as the restriction wj’é\ of 9,

from (2.25) with constants ¢ = 1 and d = 3. In the same way ®; : G, — R is defined as the

2
restriction W;|~ of ¥; from (2.26).

‘We now state some of the properties of these functions. We get 1 = E;io @;(k, &) for all (k, &) € CAv'n
and

~ ; 3 .
supp p; {(k,@ € G |27 |k, )l < 5 -2]} jen,

(3.1) ;

suppion € { (1) € G 1058 < 5 }-

It holds ¢;(k,&)®,(k,§) = ¢,(k,§) for all (k,§) € G, and all j € Ny by the same argument as

before. Since the functions ¢; , ®; are elements of C§°(G,), we obtain for every multi-index o € Nj
the existence of a constant C'(«, @) > 0 independent of j such that

(3.2) 2ja‘d’(|pa<pj| + |Da<1>j|) < O(a, ).

For j = 0 the bound is obvious by the regularity of the functions. For 7 > 0 we prove the
result in R™*+! for any multi-index (0, ) € Nyt with o € NP and (3.2) follows by restriction. The

92



3.1 Basic Properties

functions 7; : R"*! — R are given by 7;(y) = 79(277 (%9

of Section 2.3.2. It holds

y) with 79(y) = 7(|yls,z), see the beginning

DO 7y (y)] = DO (274 Dy)] = 27 IF (DO 72730y

and since 19 € CZ°(R™!) we obtain a bound for every a € Ni. Because each ; is a difference
of consecutive 7; we conclude (3.2) by restriction to Gh. Repeating the same arguments with ;
instead of 7; yields the estimate for ®;. With this we can define the central function spaces of this
chapter, the time-periodic Triebel-Lizorkin and Besov spaces.

Definition 3.1.3. For 1 < p,q < 00, s € R and 1 <r < oo the anisotropic Triebel-Lizorkin space

?(}(%’)EZ(Gn) is the set of all u € ./(G,,) such that the norm

o v
lulezsmie, = [[| 227 17 e FulC)f
= Lq.7(Gn)
is finite. In the case r = oo, the sum is to be exchanged by the supremum over j € Ny.
In a similar fashion we get the following.

Definition 3.1.4. For 1 < p,q < 00, s € Rand 1 < r < oo the anisotropic Besov space B?{’I(;’)ai(Gn)
is the set of all u € ./(G,,) such that the norm

oo

R Z;W 177 s Full, 1)
J=

is finite. In the case r = 0o and for each component (g, p) being equal to oo the sum or integral is
to be exchanged by the essential supremum.

A reason for excluding infinity in the definition of Triebel-Lizorkin spaces 3.1.3 can for example
be found in Triebel [80, Section 2.3.4]. Although these definitions seem to be quite similar, they
have one major difference when it comes to their investigation. Besov spaces correspond to the
?,(Lg.7)-norm of the sequence {F ~1¢;Fu}jen,, whereas Triebel-Lizorkin spaces correspond to
the L, 5(¢;)-norm. We will shortly demonstrate the problem of this difference and for simplicity
consider Lj. It is clear that if T" is a continuous Ly-operator, then 7" applied to each summand is
a continuous ¢, (L, )-operator for all 1 < r < co. An example where this fails for L, (¢,) is given by
the maximal operator M, since it is continuous in ¢1(L,) for 1 < p < oo, but fails to be continuous
on L,(¢41) for all 1 < ¢ < oo, see Stein [78, Section IL.5] for more details. Hence the investigation
of Triebel-Lizorkin spaces relies on a different approach than the investigation of Besov spaces in
most cases.

By taking the functions ¢; from equation (2.27) with ¢ = 1 and d = 2 instead of ¢;, we briefly
consider spaces defined on R™.

Definition 3.1.5. For 1 < p < 00, s € Rand 1 < r < oo the anisotropic homogeneous Besov
space BYT(R") is the set of all u € .#/(R") such that the norm

3=

||UH§§,§(RH) = Z2jST H‘giﬂg’} WJ"%W“]H;,;(RTL)
JEL

D,

is finite. In the case of r = oo and for each component of p’ being equal to co the sum or integral
is to be exchanged by the essential supremum.

93



3 Time-Periodic Anisotropic Function Spaces

Remark 3.1.6. We will not study these spaces in any detail, but the needed results are provided
in the appendix, for example a justification of why these are called homogeneous can be found in
Lemma 5.1.6.

We briefly remark in which way these spaces defined above can be viewed as extension to the ones
defined on R™ in Johnsen and Sickel [56]. By setting & = 0 in the definition of ¢; for all j € Ny,
we get an anisotropic decomposition corresponding to @ in R™. A distribution v € ./(R™) can be
extended in natural way to a distribution v € .#’/(G,,) by v = 1 ® u. The following corollary shows
that the anisotropic norms on R™ and G,, coincide for u and v.

Corollary 3.1.7. For u € .%'(R"™) the identities

1
1@ ullgr.c.o 6,y = lullse o = ||| 227 [T 10, ) Frnul ()]
q,P),T p,T jZO
Ly(R™)
1
%) . r
11 ® ullgeisn ) = Nl = | 302 [Fi 030, ) Frn Lo
sP)sT ’ j:O

hold for all1 <r < oo, s € R, 1 < p,q < oo for Triebel-Lizorkin spaces, and 1 < p,q < oo for
Besov spaces.

Proof: Asv=1® u we get Fv =y ® Frnu. Therefore, for ¢ € S (G,,) it holds

51%’](07 )
= (Jo ® [, (0, -)anU],«?éj@ = (F (00 ® [p; (0, ) Fnul), ©)

= (g 95 (0,) Frod], ).

(F e 0], ) = (60 ® 911%”“,%0;'951@ = (Frru, 0;(0,)[F

3

This implies .F ~[p; Fv] = Fg.[p;(0, ) Frnu] and therefore each element of the sum does not
depend on ¢ and hence the identities follow as the additional L,-norm with respect to the torus
equals 1. O

We start the examination of anisotropic time-periodic function spaces on G, with simple embed-
dings and completeness results. Although these results may be simple in some cases, they are
important since we are going to frequently use them throughout this thesis. In R™ the results
are well-known for isotropic Besov and Triebel-Lizorkin spaces and can be found in any textbook
covering this topic.

Theorem 3.1.8. Let s € R, 1 <7 < o0, and 1 < p,q < o for Triebel-Lizorkin spaces or
1 < p g < oo for Besov spaces.

a) Fore >0 and 1 <r; <re < oo we get

(g,p),00 q,p),1 (g,9),m1
s,(b,a@) s,(b,a@) s—e,(b,@)
= F (Gn) = F(q,ﬁ),oo(Gn) — F(q,;m (Gp).

The same result holds in the case of Besov spaces.
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b) It holds

FS,(b,a) (Gn) oy BS,(b,a) (Gn)

(g,p),r (¢,P),r

fO’I” maX{Q7p17p2a s apn}' <r.

¢) It holds

s,(b,a@) s5,(b,a@)
B (Gn) = F o0 (Gn)

fO’f' r S min{q7p17p27 v 7p’n}
d) We get
s,(b,a
S (Gn) = B (G) = 7 (G).

The same result holds in the case of Triebel-Lizorkin spaces.

e) B?q(;,)EZ(Gn) and qu(g,)al(Gn) are Banach spaces.

Proof:

a) The monotonicity of £;-spaces, i.e., || - [le,, < [/ [, forall 1 <7 < ry < oo, yields the
embeddings in the cases where s does not change. For the remaining embeddings note that

)= 1277 637 Al ey < 1270797 0sZ A1l

= c|/fl

277¢ ”51

Il 5, =l Ly.5(Gn)

s+e,(b,a) .
F(q,:ﬁ),oo (Gn)

By the same argument, the result follows for Besov spaces.

b) The proof relies on applying Minkowski’s integral inequality. If » < oo, it holds

(3:3) (i (/fj(y)lsdy>z)} < (/ <§|fj<y)|r)idy>i

for integration over R if s = p; < r or for integration over T if s = ¢ < r. Hence by applying
the inequality (3.3) (n + 1)-times we obtain

3,(b,a@) s,(b,a@)
Figm.-(Gn) = B »(Gn)

for max{q,p1,p2,...,pn} < 7. Sincesup,cy, [|fjllL. < [|supjen, [fjllL, holds forany 1 < s < oo

we obtain the result for r = co.

c¢) This follows from the same steps as in b) but for r < s the estimate in inequality (3.3) is in the
opposite way.
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3 Time-Periodic Anisotropic Function Spaces

d)

We first consider qu(%)aio (Gp). For f € #(G,) it holds

||f||B<Sé(l;)?3,c(Gn) = sup 2j8||y_1[90jyf]”Lq,5(Gn)

j€Ng

< oup 251 (1 + [21*)"F " oi T Al @ 11+ 1213 "L, 56
J 0

< sul\ll) 2.7 (A = en D) (03 F L)
7€Np

(34) Jis|| g—11 Do Z

< > suwp 287D (9 7 Nl icn)

\a|§2nJ€NO
. «

<X s | Y (4)phepe s

|a|<2n IEN0 fza \P

Ll(an)

By (3.2) the functions ¢; and their derivatives are uniformly bounded with respect to j. Fur-
thermore, we get 27 < 2%|(k, €) ;‘;X{O’S} on the support of ¢; for any j € N. For j = 0 we have
27% = 1. There exist m,l € N such that s <m and 77! <[ with 7 := min{1,b,a,...,a,}. By
rearranging the derivatives of .% f, this yields

/]

max{0,s
500 G S 2 IDENA+IEORT DI, @,
’ lvl<2n
S Z Sup,\ ’(1 + |£|2)n+ml(1 + k2)ml+1(Dyyf)(k7£)|
ly|<2n (k,§)€CGn

(35) S
la|<2n+2ml (k,§)€EGn

|B[<2mi+2
lv|<2n

S Z Pap(f)-

|| <2n+2ml
B<2mi+2
Iv|<4n

F[wv0)0z £k, §>|

1+ (k&) [7x 10

Hk?)ml(li“zp),nﬂnl € L1(G,,) since it holds

Here we used i

max{0,s max s max s
Lok )l O S 1o [0 g 37 g rex(Oolt
j=1

and therefore the addition of n or 1 in the exponents of terms in the denominator ensures
convergence. Furthermore we made use of properties of the Fourier transform with respect to
derivatives and the estimate

sup

7[00 o) (k)
(k,€)€Gn

< sup  |(1+[2)"270] 05 f(t,x)| sup  F[(1+[a]?) "],
(t,z)eGy (k,{)éan

Since the semi-norms p, g, generate the topology of .”(G,,), the continuous embedding of

B?c}(?)dio (Gy) into .'(G,,) follows. The case of a general Besov or Triebel-Lizorkin space follows

from a) and c).
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3.1 Basic Properties

By the same argument this time applying a) and b), we can restrict ourselves to the case
u € B?é(gl)aio(Gn) for the remaining embedding. Because the support of ¢; is contained in
|(k,€)|p.a < 2911, Proposition 1.4.2 d) yields |k| < 27°2° and |¢;| < 2792% for (k,£) in supp ;.

Therefore, applying Lemma 2.1.1 with K = 27°2% and R; = 27%2% for 1 < i < n, we obtain

_ (a4b _
17 s Fulllc,) S 20| Z Y05 F ULy 5 (G

where 2 =3"" | 2 Let ¢ € .(G,) and ®; from Definition 3.1.2. It holds

J=1p;

Byl

(@) = [(Fu, Y 0@, 75 )| < Z‘(y—lgojﬁu, F5 [2,75)
=0 j=0

IN

1770 Zullenl| 25, (2575 el e

n

A

4 10

<
I
=)

(b _ _
PG DNF 0 Fulv, o5, 12575 L6

S [lul

o0
A a4 b _
DI A Anl E s SX AT
(q,P),00 j=0

The interchange of .# ~! and .Z ~! in the last estimate is possible due to ®;(—k, —¢§) = ®;(k,&).
The sum is the Besov norm of ¢ with ®; instead of ;. Since ®; satisfies estimate (3.2) and
its support allows for the estimate 27 < |(k, &) anx{o,s}7 we can apply the previously shown

estimates (3.4) and (3.5). Hence we find M such that

[(u, )| < llul BCD) (G) S papn (@)

lo+[B]+]vI<M

This shows the continuous embedding into 7' (G,,).

By definition it is clear that B‘Z(’I(g)aio (Gp) and F‘Z(’I(%’fio (G,) are normed spaces. So it remains
5,(b,a@)

to prove completeness. Let (u;);en C F(q » ' (Gy) be a Cauchy sequence. By part d), (u)en is
a Cauchy sequence in .'(G,,) as well and hence convergent to an element u € ./(G,,) because

&' (Gy,) is sequentially complete. Due to ¢; being an element of .%(G,,), the convolution of u
with .# ~1y; is defined by (1.2). We have

F e Z Wt @) = en(u, F i ((6) = () = en M (u, 7~ 0((t, ) = (4))

= lim 7 Yp; Z (w)](t, ).

l—o0

(3.6)

Hence we obtain pointwise convergence of .# _1[ij§ w] for each j € Ny. We first consider the
case r < oo and apply Fatou’s Lemma (n + 2) times, which yields

lulles oo,y < liminf lullp oo g, < oo
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3 Time-Periodic Anisotropic Function Spaces

This is possible as measurability at each step is guaranteed by the Theorem of Tonelli. To show

convergence in Ff,’l(gl)al(Gn), we take arbitrary € > 0 and find N € N with the property that

|t — ui||F5,(b,a) Gy <€ for all m,i > N. Repeating the applications of Fatou’s Lemma yields
(¢,p),r~ "™

e = willgs o, < T dnf flum = willpesn ) <€

and hence completeness for r < co. The case r = oo follows similarly, but instead of using
Fatou to change sum and limit, we use the estimate

sup | g, F (W)](t,z)| < liminf sup |.F o, F (w))](t, ).
JEN =00 jeN

This estimate can be easily seen from (3.6), since the limit exists and we therefore derive

|§_1[g0jﬁz( (¢t )| < hmlnfsup\ﬁz o o F (w)](t, ).

l— o0 ]EN

This allows us to use the same steps to prove completeness for r = co. The same argument can
be repeated to show completeness of the Besov spaces. O

3.1.1 Independence of the Decomposition

A natural question concerning these spaces is whether the previous definitions depend on the choice

of decomposition functions ¢;. Before we can answer this, we prepare some results. We follow the
ideas of Marschall [67] and Johnsen and Sickel [56].

Lemma 3.1.9. Let 1 < f< oo and 1 <7 < oco. Foryp € S (R") and j € N we set ; = 1p(2799.)
for j € N. Then there exists a constant ¢ > 0 such that

(3.7) I{(Frt [V Frnus]}

oy Scl{uibienllisee e

for all elements (u;)jen € Ly(R™, £,.).

Proof: As u; is a regular distribution and ¢; € (R"™) for each j € N we obtain the estimate

(T 5 Ty ()] < / 23] (& — s ()] dy

n

=3 [ lonte =l — vt

kEZ

where ¢y, are the functions from equation (2.27). By the definition of ¢ we derive

supp ¢ C {£ € R™ | |¢] < d%2ke forall 1 <i < n} = Q(ko)a(O).

Hence
| Fat s T u)(@)] S S 6w Tty e / u; (9) |y
k€EZ Q(azkya (@)
(3.8) S8 Z ! ok Frn [ (—)]] L, ey Msu; ()
kEZ

S ||1/}J Hgf\la(Rn)MSuj (1’),
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3.1 Basic Properties

where Mg is the strong maximal operator defined in (1.23). Applying the scaling result of
Lemma 5.1.6, the scaling factor vanishes in this case, we obtain

(3.9) {7 Wi Zuil(@)}jelle, < 1ligia oy {55 (2) Y jenvlle,

By Lemma 5.1.7 and Theorem 3.1.8 d) we see that ||1/1|\§‘a‘,a(Rn) is finite. The result now follows
1,1

from Lemma 1.7.3. O

Remark 3.1.10. In the previous lemma it suffices that the required identity 1; = P(2799) s
only satisfied for j > jg for some jo € N, since the remaining finitely many can be estimated by
Young’s inequality (1.5) and then by the whole sum. We briefly show this statement, it holds

Jo
H{(«?RT}[lﬁijnuj]}jeNHLﬁ(R%) D I W5l @y sl @y + 1w tienllLy@e.e,)

j=1
Jo

<Y COH{urtrenllLpmn e,y + 1{ubienllLy@n e
j=1

< c(jo)l{u;}jenllL e e.)-

This implies that the inequality from (3.7) holds for ¢; and ®;.

We need additional convergence results in .’ (G,,) and hence recall definitions made in Section 1.6.
A sequence (u;);en, satisfies the dyadic corona condition, if there exist A, B > 0 such that

supp Zqa, u; C 4 (k, E@n B2~ < |(k, s < A2
510 pp T, < { (1, €) Gl (6, ©)ls, }
while SuppyGnuo C{(kvg) € Gn| |(k7§)‘b75f < A}

A sequence (uj);en, satisfies the dyadic ball condition, if there exists A > 0 such that for every
j=0

(3.11) supp Fa, uj C { (k,€) € Gu| (k) n.a < A2}

As a preparation for Section 3.2 we extend the decomposition to the dyadic ball criterion in the
case of s > 0.

Lemma 3.1.11. Let 1 < p,q < oo, and let (u;) en, be a sequence of distributions in /' (G) that
fulfils

oo

(3.12) > 27Nl 6 < o
j=0

The following statements hold:

a) If the sequence (u;) e, satisfies the conc(liti)on from equation (3.11) for some A >0 and s > 0,
b,a

then the series Z]OO u; converges in B( P00 and in L(G).
b) If the sequence (uj)jen, satisfies the condition from equation (3.10) for some A, B > 0, then

the series Z;O u; converges in B( (15‘) <)>o( Gr) for each s € R and in ' (Gy,).
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3 Time-Periodic Anisotropic Function Spaces

Proof: We show that Zj o %j is a Cauchy sequence in B(q(ﬁ) lo(G") The proofs of both cases

are almost identical, so that we can treat them simultaneously. For m,l € N with m > [ we derive

m m
u»‘ b = sup 2°F ‘9_%%9 u’
H; B ®D (G)  keny ; ML, scn)
(3.13) m
< sup 2%k ‘f‘lgokfuj .
keNg =1 Lq,5(Gn)

Now in the case a) we need 28=1 < A27 for F 1y Fu; # 0. Since s > 0 this yields 2°% < (24)2%7.
In the case b) we need 2¥~! < A2/ and B2/~! < % - 2% for F Yo Fuj # 0. Then for s > 0 we
have the same estimate as before, and for s < 0 we obtain 2°% < %:ZSj. So in both cases we find
a constant C' > 0 such that 2°% < C2% if F~1ppFu;] # 0.

Applying this estimate and Lemma 3.1.9 together with Theorem 2.2.5 to the sequence consisting
only of one non-trivial element u; and B; = By = C, we obtain

Dot

The last estimate together with (3.12) imply that Z;io u; is a Cauchy sequence and hence con-

vergent in B(q(%aio (Gr) by Theorem 3.1.8 e). Part d) of the same theorem yields the convergence

in S (Gy). O

m
sup 257 VpFu, H < 257 ||u Ly (G
500 () kENOZ il ) Z sl 5.

(g,P),00

Now that we have a reasonable convergence condition, we can show a lemma that yields indepen-
dence of the choice of functions ¢; and constants c,d. From here on we will carry out the proofs
involving an /,.-norm with r < oo, since the proofs are more complicated in this case. The case
r = oo always follows by the same arguments and replacing the sum with the supremum.

Lemma 3.1.12. Let s € (0,00), 1 < p,qg < 00, and 1 < r < co. Then there exists a constant
¢ > 0 such that for every sequence (u;)jen, C ' (Gr) that fulfils (3.11) for some A >0 and

(3.14) H(i?jquﬂr)%
=0

the series Z;io uj converges in ' (Gy) and in F((’I(;.)a) (Gp), and it holds

o0
|55
=0

%) 1
00,3 j :
Flamn (@)~ =g La.p(Gn)

q,p

Proof: By Theorem 3.1.8 a) and b) we have F‘E&E%?(Gn) — B(i:%i)(Gn), and hence

> gl <G>NH(Z2W|u|) b <
=0 "

Since s > 0, Lemma 3.1.11 yields convergence in .#’(G,). We find h € N such that A2/ < 2k~ if
k > j+ h because (u;);en, satisfies (3.11). This implies ppFu; = 0if k > j+ h. With this we get

F e F Y u| =F ! @,CZ,MJ =77 g Fu;
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3.1 Basic Properties

Here we set u; = 0 if j < 0 and the convergence of the sum in .%’(G,,) allows us to interchange
summation and Fourier transform. Using this identity, we get

[e%s) 0 0 1
. B — 2ks7‘ y—l y ) 7‘)’"
H JZO’UJ‘ Ff(;ﬁ;’)‘fz.(G?L) (I;) | [@k Jgoujj“ Ly 5(Gn)
< {22“7-( Z |7 or T uri] |) }
k=0 l=—h
e 1
|5 (St
l=—h Lo5
1
- SIS )| o,
l=—h Lop

We used Minkowski’s integral inequality to interchange the order of summation. Now we can
combine the results of Lemma 3.1.9 and Theorem 2.2.5 with B; = By = /¢, to obtain

= S . = = ksr r %

- H jz_:ou]‘ P G, S l;h "(;2 |4 k| ) HL“;(G,L)
< - —ls ( = ksr ) H
<S> 2 ;::02 g o

I=—h Lo
oo

S H ( Z 2ksr‘uk|r)
k=0

Note that the condition s > 0 is also needed in the last estimate for the convergence of the
series. 0

1
=

Lq,ﬁ(Gn)

By enhancing the restrictions on the support of the sequence (u;)jen, to condition (3.10), we
extend the previous result to all s € R.

Lemma 3.1.13. Let s € R, 1 < p,q < oo and 1 < r < oo. Then there exists a constant ¢ > 0
such that for every sequence (uj)jen, C 7' (Gyp) that fulfils (3.10) for some A,B > 0 and

(3.15) H(izsﬁmjr)%
=0

Lg,5(Gn)

the series Z;io u; converges in /' (Gy) and in Fa(;l)dr),(Gn), and it holds

s(b a)(G") H(ZQS]T|U | ) H (Gn)‘

|l
j=0 (q,P),

Proof: Convergence in ./ (G,,) follows directly in the same way as in the proof of Lemma 3.1.12.

As the sequence (u;)jen, satisfies (3.10), we get ¢rFq,u; = 0 if A29 < 21 or 32~ < B2J—1,

Hence we obtain i € N such that ¢, %#g, u; # 0 is only possible if j —h < k < j + h. With this we

have

oo [e%s) k+h
FH T Y u| =T ) Fu| =F e ), Ty
j=0 j=0 j=k—h
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3 Time-Periodic Anisotropic Function Spaces

Now repeating the steps from the proof of from Lemma 3.1.12, we derive the estimate

HZ ped ()~ Z H<22ksr‘“l Kl )

(a,P),r l=—h Lq,5(Gn)
h 0o 1
< 27ls < karluk|r) "
z;h k:Z:O Lg,7(Gn)
o0
<[ 2 rtwr)’|
=0 #(Gn)
This proves the result for arbitrary s € R. O

The previous results can easily be shown in the case of Besov spaces by reusing all the argu-
ments above and interchanging the L, 5 and £, norms, where we apply Lemma 3.1.9 as before to
sequences with single non-trivial entry, thus yielding the following lemma.

Lemma 3.1.14. Let 1 < p,q < 00, 1 <1 < 00, and the sequence (u;);en, fulfil the condition

(wammwm) < 0.

a) If s € (0,00) and (u;);en, satisfies (3.11) for some A > 0, then the series Z;‘io uj converges

in L' (Gy) and in Bfé(%)aZ(Gn), and there exists a constant ¢ > 0 such that

ol

S

sjr
9 ,(b, G)(Gn) (22 ||u]||Lq p(Gn))

(ﬂ)

b) If s € R and (uj)jen, satisfies (3.10) for some A, B > 0, then the series Y77 u; converges in

S (Gy) and in € B?{’I(%EZ(G,L) and there exists a constant ¢ > 0 such that

I

S

by S A2 )

B, §=0

With the help of Corollary 1.5.13 we can extend the previous lemma to the case of all integrability
parameters being equal to infinity. Hence we get the following result.

Lemma 3.1.15. Let s € R, 1 < r < co. Then there exists a constant ¢ > 0 such that any sequence
(uj)jen, C L'(Gy) that fulfils the conditions (8.10) for some A, B > 0 and

o0 1

(D27l 6y) < o

Jj=0

the series ), u; converges in ' (Gy) and in B (b a)(Gn), and it holds

e’} 1
. sjr r i
H Z“J‘ 596, = (X2 lken)

=0 ) =0
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3.1 Basic Properties

Proof: We first show that the series converges in .#’(G,,). The ideas are similar to the proof of
Lemma 3.1.11. So we keep the proof short and mainly focus on the differences. We take s; = s—¢
for some ¢ > 0 and prove that the series is a Cauchy sequence in B2 & a)(Gn). By the same
arguments as in the proof of Lemma 3.1.11, see (3.13), we deduce

m
|32
B
k=l

k
. sup Z 251K | F L, Fug L
Oé:ggya)(gn) N Jj€Ng k=l || ’ ||

= sup Z 251k||</Rn+1¢;( ) Frntrug o |1, (mot1)s
7€No 3y

where the last equality is due to Corollary 1.5.13 and ij is the restriction of a suitable cut-
off function v; by Definition 3.1.2. The functions w](% ,+) still satisfy the requirements of
Lemma 3.1.9 and hence inequality (3.8) is applicable. The continuity of the strong maximal
operator in Lo, (R"*!) together with (3.8) yields the estimate

N Z 21K || Ms[ug o 7|1, mn+1) S Z 251K ||y, o 7|, (met1)

sl(ba)G
(Gn) Pt

m
|2

k=n
m

= ZQSlk”uk”Lx(G

k=n

Theorem 3.1.8 a) implies the embedding Big(};?a)(Gn) — Bié’,g-b’a)(Gn) since s; < s and hence
convergence of the last expression. Therefore, part d) of this theorem yields convergence in ./ (G,,).
Repeating the proof of Lemma 3.1.13 combined with Corollary 1.5.13 and using equation (3.8)
instead of Lemma 3.1.9 concludes the result. O

Remark 3.1.16. We started this section with the question of whether the defined spaces depend
on the choice of functions ¢; or constants c,d. The previously shown result give an answer to this
problem. If for any element v € .#/(G,,) the expression F := H{stf_l[)\»?v]}jemHLq (Gl
is finite for any sequence {\;}jen, C #(G,) that satisfies (3.10) and Py = 1, and some

parameters 1 < p,q¢ < 0o, s € Rand 1 < r < oo, then Lemma 3.1.13 1mphes v E F(qﬁ) )(G )

with a norm estimate [jv < F. Equivalence follows from the fact that if the spaces were

defined by A; Lemma 3.1. 13 can be proven with A; instead of ¢; and hence we obtain the opposite
estimate and therefore equivalence of the definitions.

An important application of the independence lemmata is to show density of .(G,,) in Triebel-
Lizorkin or Besov spaces. It is clear that we must exclude the cases of any index being infinity.
Then we have the following result:

Lemma 3.1.17. Let s € R, 1 < p,qg < o0 and 1 < r < oo. The space (G,) is dense in
s,(b,a . s,(b,a

F(gfﬁ),Z(Gn) and in B(qEﬁ.);(Gn).

Proof: We start with u € F(’(ll)a) (Gp). Since u = Z?Oﬁ_l[wjfu} we get that the functions
ulV = E?]:Of Yp;Fu] converge to u in F(q(ﬁ) T(G ) by Lemma 3.1.13 for N — co. By The-
orem 1.5.11 we know that each distribution .# ~'[p;Zu] is in C*(G,,) with polynomial bound
and therefore uV as well. We define v = cpg(0,-) € CZ(R"), where ¢ > 0 is chosen such that
[Fan10](0) = 1. This is possible as ¢y is a positive function. So we get u™ (-)[Fr.l ¥](e") € L (Gy),
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3 Time-Periodic Anisotropic Function Spaces

the derivatives of u’¥ have a polynomial bound by Hérmander [46, Theorem 7.1.14] because deriva-
tives directly apply to the exponential function. Furthermore it holds u™ (-)[Fz.¢](e) — u™(-)
in Ly 5(G,,) for e = 0. We have

N
T T )] = 3lel)es O F )] s (2,

j=0
and since ¢<g) has support contained in Bz(0,2) uniformly for ¢ < 1, we conclude that
supp 7 [u™ (-)F ~(e)] C Ba(0, R)
for some R > 0 which depends only on N. With this we obtain

r

[u® =™ - [F ] ()l

500 (G~ H(k 21m|3‘\71 [@kf(“]v(') - UN(')cg‘\flw(s'))] |T)

qp)r

Lq,p

<| S0 215 [ (0 () — 0 (05 ()] |
k=0

q,pP

for some constant M = M(N) which is independent of €. An application of Young’s inequality
yields

[ () = u™ () F " (e)

M
Gy = Z 25 .7 okl (o [ () = uN ()-F (eI, )

k=0
S () - UN(')9_1¢(E')||LQ’5(G“ —0 fore—0.

As u converges to u in the norm of F ’(b)ai(Gn) for N — oo, we obtain density of .7(G))

in Ff (ll)a)(Gn). The case of Besov spaces follows from the same arguments and the usage of
Lemma 3.1.14 instead. O

3.1.2 Embedding Results

In this section we investigate embedding results of Triebel-Lizorkin spaces and the question in
what way the anisotropy influences regularity. We start with more consequences of the previous
independence lemmata and show a result regarding differential operators, which will be of use in
Section 3.4.

Lemma 3.1.18. Let s € R, 1 < ji,q < 00 and 1 < r < oo. For every a € Ni'*' such that

a = (ag,1,...,0qy,) the differential operator D = D{°Dg}---Dgn is a continuous operator
s,(b,a s—a-(b,a),(b,a
from F(ésﬁ)ﬂ)’(G ) to F(qm(r ) )(G ).

Proof: For any u € /(G,) we have u = 3772 F ;- Fu]. By Definition 3.1.2 we know that
W, fulfils F ;¥ Zu] = F p;Fu| for every j € Ng. We split a = (g, o) with ag € Ny and
o/ € N to obtain

D% =

I

I
<

o0
F Q)R Wi Ful = 3 F M e(@) (27 R) 0 (27 00T o T,
J 7=0

64



3.1 Basic Properties

where the constant ¢(«) just contains ¢ and 27” with the corresponding exponents. By applying
Lemma 3.1.13, we derive

[D%ul

00 1
(b2 (b < H( 2j’r‘(sfo¢-(b,fi)) 3;71 00 a,\I/v T r) ”
Flamr 7@ ~ j;o | R s Ful Lq,5(Gn)

1
o

= 2074|F Wyps Ful|") :
H(jz_% F eyl ) |

with U, (k,€) = (279%k) 0 (2779¢)*" W (k, €). If we consider ¥ as a function in R"!, which is pos-
sible by removing the restriction of ¥; to GG, and replacing £ with a continuous variable, it satisfies
the requirements of Lemma 3.1.9. Hence applying Lemma 3.1.9 together with Theorem 2.2.5 yield

o0 1
«@ b a < jrs —1 . T)T — b
1D ullgs o 00,00, S H(;Oz F s Tl ) | ) = el
which completes the proof. U

For the classical Triebel-Lizorkin spaces it is well known that the parameter s directly corresponds
to differentiability of the function. In the anisotropic case the regularity is influenced by the
parameter s and the anisotropy itself. Our goal is to show that the determining factor is the
quotient of these two. For this reason we first extend Lemma 3.1.13 to allow for more options in
the support of the functions u;.

Lemma 3.1.19. Lets € R, A >0, 1 < p,q < o0, and 1 < r < oo. Then there exists a constant
¢ > 0 such that for every sequence (u;)jen, C ' (Gr) that fulfils supp.Fug C B,a)(0, A),

supp Zu; C {(k,€) € G, | B2* < |(k, &) < AN}

for 7 > 1 and some constants A, B > 0, and

< 00,
Lq,5(Gn)

o0 1
(3.16) H (Z 2Asjr\uj|’”) ’
=0

the series Y.~ u; converges in ' (Gy) and in F?q(%EZ(Gn) and it holds

I550)

o] 1
o= AP,
po D gy T C” (; ] Lg,5(Gn)

(g,p),r

Proof: Convergence in .%'(G,,) follows from Lemma 3.1.11 by adopting the estimates from the
beginning of the proof of Lemma 3.1.12.

We determine j, k such that ¢, % u; = 0 holds. This is the case if either A2M < 2k=1 or 3.2F"1 <
B2* . Hence there exists h € AN only dependent on A, B such that %—% > jor §+% < j implies
prFu; =0. As we are interested in the corresponding integer values, we denote by || the integer

part of « and define h = % € Nto derive [ 5] —h+1>jor %]+ h < j as necessary conditions
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3 Time-Periodic Anisotropic Function Spaces

for pp#u; = 0. As in the proof of Lemma 3.1.12 by applying Minkowski’s integral inequality and
Lemma 3.1.9 together with Theorem 2.2.5, we obtain

S [£]+h+1 ol
< { 2’“”( FYopFu, ) }T
HZ HF( D (G) ];) j_%_h x| Ly 5(Gn)
h+1 ra L
= 2’“’“( F o F ) }
(2 (30 17 e g .
k=0 I=—h
h+1 [e%s) 1
<| > (X217 e Fu )’
l=—h ; | [Spk L J+l]| Lq,5(Gn)
h+1 ) 1
< Z H(ZQkSTL/ [orFu x J+z]|r) L
k=0 q,i(Gn)
h+1 ) 1
<> H(Z g gl ) G
[— k—0 Lg,5(Gn
h+1 o] . 1
< 2)\5 Z 2—1)\3 <ZQ(LXJ+Z)AST|UL§J+”T> b
I=—h k=0 apEm

h+1

g 27l)\s
l;h

o) 1 o 1
2)\k:sr 7‘) T ” < H ( 2)\ksr r) r ‘
(2l ) [, S (30 2
k=0 ’ k=0

L, 5(Gn)’

Here we used that the difference between % and L%J is at most 1 and the fact that the sequences
(257 |ug|" ) pen, and (2“%”’\”|ut% |")ken, have the same entries, but they may repeat up to [ A]+1-
times in the latter one. O

The previous Lemma 3.1.19 allows to show scaling invariance of F“E (b)a)(Gn) under the scaling

(s, (b,@)) — (As, (Ab, AQ)) for A > 0.

Theorem 3.1.20. Let s € R, 1 < plqg < o0, and 1 < r < oo. It holds F ’(ba)(G ) =

(a.p),r
FE\;g‘fA’M) (Gp) with equivalent norms for every A > 0.

Proof: From Proposition 1.4.2 b) we know that for A\@ = b it holds |¢|z = \§|a and hence

|(k, &) |p.a = |(k,§)|§b1)\a. For arbitrary u € F?;’I_E,)Ai’)‘a)(Gn) we derive

supp p; Fu C{(k,€) € G [ 2732V < |(k, )}y s < 32207V}
={(k,&) € G | B2V < |(k,€)]s.5 < A2V}

for suitable A, B > 0 from (3.1). The condition from Lemma 3.1.19 for ug is obviously satisfied.
Hence we obtain a constant ¢ > 0 independent of u such that

& 1
lellgec g, < o[ (2,7

=0

Los(Ga) lullgae0ooo -

This shows the embedding in one direction, but as A and (b, @) were arbitrary, the opposite direction
follows as well and hence the result. O
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3.1 Basic Properties

Remark 3.1.21. The last two results were motivated by the question of determining the influence
of the anisotropy (b, @) onto the regularity of the functions spaces. We have shown that the scaling
(s,0,d@) — (As, Ab, Ad@) has no influence. Hence the quotient - for 1 <7 < n or j is the determining
factor regarding regularity. Additionally, an important consequence of Theorem 3.1.20 is that we
can assume that each component of (b, @) is at least 1, which we will tacitly do from now on.

We now want to show that some Triebel-Lizorkin spaces coincide with Bessel potential spaces and,
especially important for Chapter 4, with Sobolev spaces. For this we need some preparing results
and have to come back to Lemma 3.1.9. The crucial estimate in its proof is given by (3.8), of which
we make use in the following lemma. For R™ the lemma is stated in Johnsen, Munch Hansen and
Sickel [53, Proposition 7]. As the result is required to show Proposition 3.1.24 we give a detailed
proof here.

Lemma 3.1.22. Let A € C®°(R"*!) have finite seminorms of the form

(3.17) Ca(A) = sup {277 D*[AQ@*De)]||j € No, 7 < I€lo. < 4}

1
4
for some | € R, and all a € NJ*'. Then A(D)u := F~! [A|§ Fu] is continuous on &' (Gy) and

bounded from F‘(q(;(%dZ(Gn) to Ff;;i)(l;’a)(Gn) foralll<p,g<oo,s€R and 1< r < oco.

Proof: We start by showing that Ap € .7 (R"*1) for all p € .(R"*!). Hence we need to show that
DA has at most polynomial growth for all o € Ni™!. For fixed o € Ni'™! we have the estimate
IDA(y)| < Co(A)271=C:D0] for all y € R such that 2772 < |y[pq < 27*2 and therefore
|ID*A(y)| < Ca(A)4l_(b’d)'°‘|y|l(;g;’a)'a for all y € R™! such that |y|,z > 1. Since the remaining
y € R"! form a compact set and A € C*°(R™1), we obtain a constant ¢ > 0 such that |D*A(y)| <
cCo (M) (1 + [ylp.a)' = for all y € R**!. Now the estimate from Proposition 1.4.2 d) implies
a polynomial bound and therefore Ap € #(R"*!) for all ¢ € (R"*1). This directly implies
continuity of A(D) in .%/(G,,) since A|§n satisfies [DO)A(k,y')| < cCo(A)(1 + (kv )p.a) %
for all o/ € N and therefore A‘anz/) € . (G,,) for every 1 € .7 (G,,).

We want to apply Theorem 2.2.5; hence we first need to consider the case of v € .%/(R"*!) and
define v; := yﬂg"lﬂ [¢; Frnt1v] with ¥; and 9; as the non-restricted versions of ®; and ¢; from
Definition 3.1.2 and obtain AV; € .(R"™!) by the previously shown estimates. Therefore, we
can apply the estimate (3.8), the scaling of Lemma 5.1.6 together with Lemma 5.1.7 and the
estimate (3.5) together with the embeddings of Theorem 3.1.8 a) to obtain N € Ny such that

2*jl|yﬂg,,,1+1 \I/jijy]Rnﬂﬂ < 9l ||\I’jAH/]_D,\‘lﬁﬁ)‘=(”»5)(Rn+1)MS'Uj

_ Q*J'l”\I,j(2j(b,ii),)A(Qj(bﬁ).)Hg‘l(ybl,a)\,(b,d)(RnH)Msvj
S Y 277 pa0n (W7D )ARID ) M,

lal,|v[<N

(3.18)

Note that the estimate (3.5) is applicable by Corollary 3.1.7 since the semi-norms are also invariant
under the extension ;A — 1® ¥;A and we only need to consider 8 = 0. For j = 0 all the norms
are bounded since ¥y € CF(R"H!) and A € C=°(R™*1). Now let j € N and recall ¥;(20-D®:@)¢) =
W, (€). With this we conclude for arbitrary a,y € NJ™! the estimate

Doy (U5 (2D IA@IODY) = sup [a D [w, (200 2) A (29D )|

zER"H1
< swp [0 Y0 Da—ﬂ\pl(2<bﬁ>x)pﬂ[A(zﬂb%)]‘
zeER"H1 B<a
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3 Time-Periodic Anisotropic Function Spaces

By construction we have that ¥y (&) # 0 only if % < [€]p,a) < 4. Since |2(b’5)x\(b@) = 2|x|(3,5) the
supremum above reduces to « € R"*! such that 1 < 2 < |z]4) < 2 < 4. All derivatives of A are
bounded by (3.17) and together with ¥; € .#(R"*1) this yields the estimate

Z 2_jlpa,o,7(‘11j(2j(b’d)')A 23 (b, a) Z Cal

lal, |y |<N || <N

Applying the previous estimate together with Lemma 1.7.3 to the estimate from (3.18), we deduce

(3.19) H{2_'jlyn§n1+1‘I’jA%R"“”j}jeNoHL F(RAHL 0, N Z CaM){v}jeno L, st e)-
la| <N

Since the operator A(D) is well defined and ¢; = ®,¢;, we obtain for every u € F((’I(%‘I) (Gn)

[IA(D)ul

FoLOD(G,) T H{Qj(s_l)y_l[@j‘PjMé} yu]}jeNOHLq,ﬁ(Gn,m

S H{zjs’g\_l[gojyu]}jel\loHL(“;(G,I,ET) = H“||Ff;1f§;fi(Gn)’

by estimate (3.19) together with Theorem 2.2.5 and By = By = ¢, O

One simple application of the previous lemma is to show that the function (~>g’a, defined in
Lemma 1.4.4, acts as a lift operator on the Triebel-Lizorkin scale.

Lemma 3.1.23. The operator T'; : /'(G,) — ' (G,,) given by Tiu := ﬁfl[«k,g)}é@ﬂ\u] is a

homeomorphism from F(’(b)a) (Gpn) — F(q m(ra (Gp) foreveryl e R, 1 < q,p < 00, and 1 < r < oo.

Proof: The idea is to apply Lemma 3.1.22 to A(§) = <§>éﬁ for ¢ € R"*1. Hence we need to estimate
Co(A) from equation (3.17) for all o € NJ™!. We first consider the case of I — (b, @) - a > 0. With
the properties stated in Lemma 1.4.4 we derive

—l]

Da(<2j(b a)g ‘ < 2_/ (b,@)-a— l]<2j(b a)€>l (b,@)-c <€>lb a(b ,@)

For [ — (b,d) - o < 0 we conclude the estimate

2j(b,¢7)-o¢7lj<2j(b,6)£>é—jb7d)'a < ‘€|lb—jb7d)-a

)

27| D (70D, o) 5

because [](s,3) < (§)p,a- Now boundedness of I'; follows from Lemma 3.1.22 since all terms on the
right-hand side of the estimates are continuous on the compact set i < |§|(b,a) <4. As I’fl =T_,
the statement follows. O

Now we have all the tools needed to show the equivalence of spaces. Especially the previous lemma
simplifies the proof of the first assertion to results from Section 2.3. These results are well known
in isotropic case and can be found in Triebel [79, Section 2.3.1] for example.

Proposition 3.1.24. For any 1 < p,q < oo and s € R we have the following equalities of spaces
with equivalent norms:

G,) =H19(q,,).

q,p

a) F(qﬁ) 2(
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3.1 Basic Properties

b) Forl= 3} €Ny and my = i € Ny for every k € {1,2,...,n} we get F(gq(g,)a%(Gn) = Wé"}(Gn)

Proof:

a) First we note that by Lemma 3.1.23 the F(q(;)a%(Gn)—norm of w is equivalent to the F?;ff;’f% (Gn)-

norm of % ~1[{(k, §)); a7 u]. Hence it suffices to consider s = 0, because I'; from this Lemma is

obviously a lift for HZ’g’a)(Gn). Corollary 2.3.11 yields the equality of spaces and equivalence
of norms in that case.

b) Let us first consider the functions

£ 1
Aa(f) = S fe Rn+ ;
(€)h.a
for a = 0, a = le; =: mge; or @ = myegy1 for any 1 < k < n. We show that these are

L, 7(R"*!)-multipliers by Theorem 1.3.1. We start with o = le; and consider v € Nj*! with
v; <1 to derive

D7A(€) = 51 (7))l DYTNE), 3 +£7 D (&)

Lemma 1.4.4 implies the estimate [£7D7(£); | S (€); ; for any s € R. Hence we obtain

€7 DYA(E)] S [01(y1)€> T DY=E (&) 5| + [P D (€), |
|

S €€zl S 1.

The last estimate uses |£%] < (£ >?a(b @ = = (£); 7 which follows directly from Proposition 1.4.2
d). All other cases of « can be estimated in exactly the same way and therefore Theorem 1.3.1
together with Theorem 2.2.5 imply that Aa‘ G, are Lg,7(Gr)-multipliers. Hence for any f €
7 (Gy,) we have

||wal Gn) = = | fllL, 5G.) + HalfHLq #(Gn) T Z \|8ijHLq,5(Gn)
j=1
n
= ||9_1A0|5n<k"§>§,ayf||Lq,,;(Gn) + Z .7 Ay, 1 ’§n (b, Ep.a7 fllL, san)
j=0

SIF Yk F fllL, xcn) +Z||J (k:&)p.a7 fllL, (G
7=0

By Lemma 3.1.17 and part a) the set #(G),) is dense in H =, a)(Gn). Therefore, we obtain

ba b,a
”wa;m Gp) ~ ||f||Hs (b D(Gn) for any f € H )(G ) F(q(ﬁ) %(G )

For the opposite dlrectlon we take a A € C*> (R) such that A(—t) = —A(¢), and A =1 for ¢ > 1.
With this we define the function

(€)pa
L+ 370 MEj41)™ ;n-sf1

0 =
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3 Time-Periodic Anisotropic Function Spaces

For the moment assume that © is an L, 7(R™"!)-multiplier so that © o s an Ly (Gn)-
multiplier by Theorem 2.2.5. Hence for any f € #(G,,) we have

00 y < ¥ 19‘0 FfllL, sca) + ||9_19|an>\(k)lklﬁf||Lq S(C)

+ZH/ '8lg MEN™EY T fllL, pcn)

Sy s + 1F AR F0, fll, scn) + 2 1FTIANE™ F fllL, s

Jj=1

S Hf”W”ﬁ_‘(Gn)’
q,pP

as A is an Ly 5(R™)-multiplier since it is a smooth bounded function with every derivative
vanishing outside a compact set. From Lemma 1.3.6 we know that .#(G,,) is dense in Wé’?(Gn)

: 177
and therefore we obtain 2 < ||f||ng§(cn) for any f € W, (Gr).

So it remains to show that © is indeed a multiplier. To this aim we apply Theorem 1.3.1 and
consider o € {0,1}"*!. By Lemma 5.1.1 we derive

& YD J m; ’Y
9<>y 3 M €7D 1(E); ol T o 1€ 01N (fj+1}2 A e
k=0 yenpt?, (1+ ijo A(&j4+1)™ fj_ﬁ1)1+

<o,
|vI=k

<'§: > e o (|62 + 1 N (g)])
k=0 yenn+?, 1+Zj 0 (£]+1> ;:le)l—‘rk

y<a,
[v|=Fk

Ié—CKDOt

Yi+1

Here we used Lemma 1.4.4 and the boundedness of A. Proposition 1.4.2 yields ({),z =
[(1,0,@)[3 5 S 1+ 270 |&+1]™. By the properties of A we conclude

(3.20) (AE+1)&41)™ = [§j41]™

for |£;41] > 1 and all j = 0,1,2,...,n. We only need to consider the terms without A’ since
the derivative vanishes outside a compact set. For fixed k& the product H?Zl has exactly
k non-constant factors as only k£ of the v; are not zero. The quotient of each of these factors
together with one of the factors of the denominator is bounded by (3.20). By Theorem 1.3.1 and
Theorem 2.2.5 we conclude that © is an Ly 5(G,)-multiplier and hence the proof is finished. [

For estimating non-linear terms at the end of Chapter 4 we need embedding results which we pro-
vide here. Note that with our previous work their proofs are rather easy and quite straightforward.

Lemma 3.1.25. Let s, e R, 1 <p<r<ooandl < q <qo < oo such that

a b a b ~ aj
(3.21) 3_*—5.:l—*—?=l—f+zf

and s > 1. Then the continuous embedding F - )oo(Gn) — Fl’(b’ii)m(Gn) holds for all m with
1<m<oo.
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Proof: As the support of ¢; is contained in |(k,&)[p.z < 2911, we obtain |k| < 27°2° and || <
27929 for all (k,€) € supp ;. We choose A = 2max{araz.an} ‘B = 20 [ = 2Y R; = 2% and
apply Theorem 2.1.2 to 2.7 [goj Fq, f]. This yields

il @y = | [ 2 12 el
q2,7),m =0
Lgy,7(Gn)
jb ib n jap  jag
. J _ 36 Lk
< |[sup 228 -# [ 255 | 51,50
ieN
&% = qurﬁ(Gﬂ/)
= sup st ’yfl[%yuﬂ = Hu| s (b a) (G’
g&No Lg; 5(Gn)
which proves the assertion. L
Lemma 3.1.26. Let s,l € R, p<r<ooandl <q <q < oo such that
b a b a
(3.22) s—— -2 29
qq P qg2 T

Then the continuous embedding B "% (Gn) — B L(b:0) (Gy) holds for all m € [1,0].

(q1,0),m (q2,7),m
Proof: The approach is the same as in the proof of Lemma 3.1.25, but instead we apply
Lemma 2.1.1 and obtain

oo

||u||Bé(;;1)) (Gn): ZZ]lmH SDJJUHLquW;(Gn)
i=0
- %
< Zzﬂmg B T o e [EameEls
< d Pj Lg,.7(Gn)
k=1
= (I P, | =1l e

For m = oo we exchange the sum for the supremum and repeat the steps to obtain the result. O

With the previous two lemmata we can further show embeddings into the space of continuous

functions.

Corollary 3.1.27. Let 1 < p,g < oo and 1 <r < oo. For s > g + & the continuous embedding

F0D (@) o C(Gy) s valid,

Proof: By assumption we find € > 0 such that

hST1ESTE

5,(b,@) 5,(b,@) 5,(b,@) e,(b,d@) 0,(b,a@)

Flamr(Gn) = Fooo(Gn) = By oo (Gn) = BL (Gn) = Bog 1™ (G,
where we used Theorem 3.1.8 and Lemma 3.1.26. Because u; = .# ~'¢; % u is a continuous function
by Theorem 1.5.11 for every j € Ny, we derive the continuous embedding from the fact that the
series Y u; converges in Lo, by converging in BO (b “)(Gn). O
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3 Time-Periodic Anisotropic Function Spaces

For the applications in Chapter 4 it is important to get embeddings into various L, 5 spaces, but
not only for the functions itself but also for their derivatives. We collect useful embeddings in the
following lemma.

Lemma 3.1.28. Let 1 < ji,q < 00, 1 < r < 00, and s € (0,00). To every M € Ny such that
|M| < s and every M = ({1, 4M, ... 4M) € RYT such that |yM]| = Z?:O’ij <s—M-(ba)
the estimate

M =
”D u”LnypM(Gn) < C”'LL‘ F(S(;(Y;)‘TZ(GW,)

holds for all u € F?q(;ﬁ(Gn) if (g™, pM) € (1,00]"*! satisfies ¢ < ¢M < 00, p < pM < 00 and
M b M M a;p; e M. 4
¢ <o fnta<b P S gty Wy <y
M < o0 if v q =0, pM < oo if v}'pj = aj,
¢ < o0 if %9"q > b, pM < oo if v} p; > a;.

Proof:  We first consider M = 0, 4"q < b, and v}'p; < a; for all j € {1,...,n}. We take ¢"
and p}* such that b(% — ﬁv;) =~ and aj(% — ﬁ) =M for j =1,2,...,n. By Lemma 3.1.25
we have the embedding F‘z(’l(;’fi(Gn) — Fl(’q(f}d;M) o(Gn) with I = s — [yM] since

b @ b 7 1 1 - 1 1
§——-——=]———— = s—]|=b|-— — +§ a; [ — = |yM].
q D M M (q qM) J<, > |’Y |

oM
j=1 pi  Pj

In the consideration above we can allow 7"q = b or 4}'p; = a; for any entry of ¥* by picking
any admissable value for this entry of (¢™,p™), e.g., for véw q = b we pick any ¢™ such that ¢ <
g™ < 00, and hence obtaining the embedding F?q(gﬁ)(Gn) — Fl(;’,\(/,b)’jz/f)Q(Gn) for some 11 > 1> 0.
Theorem 3.1.8 a) and Proposition 3.1.24 imply an embedding into Ly ,u (G ) and therefore the
estimate.

We are left to show the embedding if one or all M satisfy v3"q > b respectively v;/p; > a; for
j =1,2,...,n. If all components of v™ satisfy the stated conditions, then s > g + %, and the
embedding into Ly (Gy) follows from Corollary 3.1.27. Without loss of generality, we therefore
can assume that it is ¥ and only v, as more elements do not change the proof but only
give rise to notational problems. By the arguments from the beginning of the proof, we derive the

. s,(b,@ M (b,a@ _ .
embedding F(q(,g)}(Gn) — F?qu(pl‘z)’,pn),oo(Gn)’ where (p™)" € (1,00)" ! consists of the first n—1

components of p™ | by applying the arguments to the vector (7{%,yM,...,4™ ;,0). Theorem 3.1.8
b) and Lemma 3.1.26 yield

(ba M (b n(b,d (@
Fa,(b, )(Gn)%F’y" ’(b ) ’pn)’oo(Gn)"—)B’Y (2.a) )’N(Gn);}BE ¢ )M)/,oo),oo(Gn)

(g:9)r (g™, (pM)’ (@™, (pM)’,pn (@M, (p
because v > Z—” is satisfied and we therefore find £ > 0 such that M — Z—” = ¢. Applying the

embedding
BYw (Gn) = BLT, (Gn)

(g™, (p™M)’,00),00 (g™, (pM)’,00),1
from Theorem 3.1.8 together with the estimate
o0
_ -1
bl o ey G = | > F e

o0
) < Z ”971[90]"9\11']”LQM,(pM)/,OC(Gn)
j= =0

HL,IM)(I)IW)/YOQ(Gn

< a
B ||u||B?;(fsf,<L“4>',oo>,1

(Gn)
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yields the case of M = 0. The case of arbitrary M now follows directly from Lemma 3.1.18. O

As a last preparing lemma on G,, we prove an interpolation inequality for Triebel-Lizorkin spaces
with respect to the regularity parameter s. With our previous work the proof is straightforward
and short.

Lemma 3.1.29. Let 1 < p,qg < oo, 1 <r < oo and s1,s2 € R such that s1 < s3. Then there exists
a constant ¢ > 0 such that

1-6
é2 (b a)(G )

[[ul < cffull}

g(b")(G’ ) 51 (b a)(G )H |

where s = sy + (1 — 0)sg and 6 € (0,1).

Proof: The result follows directly from Lemma 5.1.4, since we have

oo
j — r
Iz o6 = ||| 2227 127 s 7l
q,p),r =
LQvﬁ(Gn)
iz 7o a2 2, 2
Lg,5(Gn)
< 0 =
_C||UHF?;J$§’,’Z§<G el Fe2 00 (G’
The last step follows from Holder’s inequality with % =5+ 1%9 and % _ % + 1%9 .

3.1.3 Definition on Domains

This section will be devoted to a short consideration of Triebel-Lizorkin spaces on domains. There
are a lot of possibilities how to define these spaces. We follow the main concept by regarding
restrictions. We consider a distribution u € D'(21) and a distribution v € .#’(G,,) as equal on Qr
as distributions if for all ¢ € D(Qr) the identity

<u7 90> = <U7 90>

holds. In the equality above it is understood that ¢ is extended by 0 to the whole space G,, so that
(v, ) is well defined. With this concept we can define Triebel-Lizorkin spaces on domains .

Definition 3.1.30. Let 1 < p,q¢ < oo and 1 < r < oco. The space F(’(ﬁ) (Qr) consists of all

distributions u € D’(Qr) such that there exists an v € F(q%{l)(Gn) such that v = v on Qp in the
sense of distributions. The norm of w is defined by

e | veFsba )(Gn) such that v = v on Qr}.
(a,P),

Lo @n) (@.0);

Remark 3.1.31. It is clear that the spaces F(q( Y )( Qr) defined in this way inherit important

properties from the spaces in the whole space, e.g., they are again Banach spaces.

We next transfer properties from the whole space to the spaces defined on domains. We let 2
be a domain with compact boundary of class C%! or the half space R?. One can generalize the
following results to a greater class of domains, but this case is sufficient for our considerations in
Chapter 4. Since we are considering arbitrary domains, we are going to restrict the investigation
to scalar-valued p.

73



3 Time-Periodic Anisotropic Function Spaces

Proposition 3.1.32. Let 1 < p,q < o0 and s € [0,00) such thatl = § € No and mp = 2~ € Ny

for every k € {1,2,...,n}. The identity F?q(z)a; (Qr) = Wé’ZL(QT) holds with equivalent norms.
s,(b,a@)

Proof: First we consider u € qu(z)‘? (Qr). By definition we find v € E o

on Q7 and

(Gy,) such that v = u

o] 2l

s,(b,a@ S s,(b,@ .
F(q(,p),i(G") F(q(,p),i(QT)

By Proposition 3.1.24 we have v € Wé’;’(Gn) This implies u € Wfl*f;‘ (Qr) because v = u on QOf
and it holds

- — _ - < R P
lullwsz@n = 101wz @ < Ivllwiz 6,y S MVllesem o) < 2ulleo.m ).

The estimate of the Sobolev norm by the Triebel-Lizorkin norm follows from Proposition 3.1.24
with a constant independent of u and v.
Next let u € Wé”?(QT). By the Extension Theorem of Stein, see Stein [77, Chapter 6], or Adams

and Fournier [1, Chapter 5] for a simpler approach, we find an extension Eu to uw such that
Eu € WL(G,,) with HE“”WQ?(G,I) < Hu||wé,zl(,ﬂ,xﬂ); this part requires the regularity of 2. By

P

Proposition 3.1.24 we conclude Eu € F‘(Sq(z)ai(Gn) Since Fu is an extension to u in Ff{’l(;’)dl(Gn),
s,(b,a)

we obtain u € Fi* 8 ~(Qr) and the norm estimate follows trivially. O

Lemma 3.1.33. Let s € R, 1 < ¢,p < o0, and 1 < r < co. For every a € NSH such that

a = (a,ai,...,an) the differential operator D* = D Dg1 --- D3" is a continuous operator from
5,(b,@) s—a:(b,a@),(b,a)
F o 8) to Fg oo (S2r).
Proof: Lemma 3.1.18 shows that D% € F?;Z‘)'ﬁ)’a)’(b’a)(Gn) for any v € F?{’J(;’)Ez_(Gn). Hence it
5,(b,d) ’
holds for u € F(q,p),r(QT)
a : s—a-(b,a),(b,a ; a
[|D%u| F?;s)'f:’a)’(b’a)(ﬂﬂ = inf {HU| F‘:;:)'Y(:‘a)’(b’a)(Gn) |ve F(q7§)7(7” a),( a)(Gn) with D% = v on QT}
. s,(b,a
< inf {[|w]| R0 () |we F(q(,p),Z(Gn) such that u = w on Qr}
= [ul

s,(b,a@
F(QEP)‘T)‘(QT)7
which proves the assertion. O

The next two results can be proven in a more general framework, but they are only formulated in
the setting of Sobolev spaces to ease the applicability in Chapter 4.

Lemma 3.1.34. Let 1 < p,q < oo and s > 0 such that l = 7 € No and my, = i € Ny for every
ke{1,2,...,n}. Then for k = (1 —0)s with 8 € (0,1) we have

@ < 1-6

0
||UHFZ;,(£))2(QT) ~ HUJHL%P(QT)Hu”Wf{j}(QT)

for all u € Wé’ZL(QT).
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3.2 Pointwise Multiplication

Proof: Let Fu be the same extension of u as in the proof of Proposition 3.1.32. Lemma 3.1.29
yields

Il 000y < 1Bl m 6,y S VBUGa o 1L

:q(Z)aio(G“')
SIBulE, el Bl ) S Tl i Il
where we used the embeddings of Theorem 3.1.8 a) together with Proposition 3.1.24 a). O

The last corollary of this section states further results in the setting of Sobolev spaces on domains,
which are used for the estimates in Section 4.4. For p = ¢ the result can be found in Galdi and
Kyed [38, Chapter 4].

Corollary 3.1.35. Let 1 < q,p < co. Then the estimate

[llL, 020 + IVullL,, . @0 S lullwizq)

holds for all u € Wé:Z(QT) and all qo, 1 € [q,0] and po,p1 € [p, 0] satisfying

o < 7L ifag<?2, po < sty (2—a)p<n,
qo < 00 if ag =2, po < 00 if 2—a)p=mn,
qo < 00 if aqg > 2, po < 00 if 2—a)p>n,

with o € [0,2] and

q1 < QEqu Zfﬁq < 2) P1 = n,(yleiﬁ)p Zf (1 - B)p <n,
q1 < 00 if Bg =2, p1 < 00 if (1=B)p=n,
q1 <00 if Bq > 2, p1 <00 if (1= B)p>n,

with B € [0, 1].

Proof: By Proposition 3.1.32 we know that there is an extension Fu € F2 2 1)(Gn) of u. Hence

Lemma 3.1.28 yields the result with ) = a and % = as well as 5" 6 and 'y;’“ = % for
k=2,....,n,n+1. O

3.2 Pointwise Multiplication

The main problem of pointwise multiplication of elements in Besov or Triebel-Lizorkin spaces
is that in general the product u - v for w,v € '(G,) is not well-defined. So the idea is to
regularize both elements simultaneously and show convergence in the appropriate space. We know
from Lemma 1.6.2 that for u € .#/(G,) the sequence {u, }men defined by u,, := 37, F o Fu
converges to u in #'(G,,) . By Theorem 1.5.11 every u,, is a smooth function and hence the product
U - U 18 a well-defined function and element of ./ (G,,). We follow the ideas of Johnsen [51] in
extending the existing theory to the time-periodic framework. However, we make an adjustment
to the functions v that are admissible in the definition to guarantee the properties of Lemma 3.2.5
below. Let 1 € C(R"™!) and 0 < Ry < Ry such that 2Ry > Ry and v satisfies

(3.23) Y(x) =1 forall x € B, z(0,R2), suppy C By a(0,R1).
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3 Time-Periodic Anisotropic Function Spaces

Definition 3.2.1. Let u,v € .¥/(G,,) and let ¢ € C3°(R™"!) satisfy (3.23). Define puy(u,v) by

(3.24) po(u,0) = lim F TN 5 Fu] - F T p(2T 0D )| 5 Tl

whenever the limit exists in ./(G,,). The operator p(u,v) is defined as p(u, v) := py(u, v) if g
exists for all ¢ satisfying (3.23) and consequently is independent of . Furthermore, to simplify
the notation we denote

¢m — w(2fm(b,[i)')|a , SOm — jflemﬁ@]

n

for ¢ € S(Gy,). For u € ' (G,,) we define u™ in the same way as @™

The restriction of ¥ to @n is necessary in this case as it is not possible to simply scale a function in
C§°(Gy). In the following Lemma we show that «™ approximates u in the norm of Triebel-Lizorkin
and Besov spaces.

Lemma 3.2.2. Let 1 <p,qg<oo0,1<r<oo,s€eR, uEF(é(Z)aZ(Gn) andvEB((’](;)aZ(G ). Then

5,(b,@)

™ converges to u in F((’I(%a) (Gy) and v™ converges to v in B(q o (Gp) as m — 0.

(%

Proof: We first show the result in the case of F((’I(g.)a) (Gr). We note that there exists an h € N

such that (1 —9™)g; # 0 only if j > m — h and ¥™¢; # 0 only if j < m+ h. With this we obtain

1
=

—qqm _]sr _m r
= u |Ff;fb ) (Gn) H(Z2 =9 Pl ) Ly 5(Gn)
0 1 m+h 1
< H( 25T F L Fu T) + H( 25| F ™My Fu T) " .
j:;_h | 37) My, i —~ | P e

The first term converges to 0 for m — oo, hence we only consider the second term. The mono-
tonicity of ¢, spaces and Lemma 3.1.9 together with Theorem 2.2.5 applied to ¥™ instead of 1);
yield

m+h m+h

3=

H( Z 2jsr|y—1wm¢jyu|r) < Z |27~ wmwy‘uHL X
j=m—h Faus(Gr) j=m=h
m-+h ‘
< Z ||2asy*1¢jfiuHLqﬁ(G")
j=m—h
e’} 1
j—;h ’ Fa.r(Gn)

The last term converges to 0 by the dominated convergence theorem and hence we derive con-
vergence of u” to u in F(&(;)@ (Gr). The convergence in Besov spaces follows by the same argu-

ments. O

In the same way that we extended the independence result for Besov spaces to the integrability
being infinity we are going to extend Lemma 3.2.2. At the end of this section we will see the
necessity of this.
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3.2 Pointwise Multiplication

Lemma 3.2.3. Let s € R, 1 < r < o0, and v € Big(f’;a)(Gn), Then v™ converges to v in

B‘;’o(,br’a)(Gn) as m — 0o.

Proof: We take h with the same properties as in Lemma 3.2.2. To make use of Corollary 1.5.13
we define @™ := 1)(27™"9).) and recall that 1; is the unrestricted version of ¢; according to
Definition 3.1.2. It holds

o0

o= o™ 0o, = O 2TIF A= 0™ Tl e

j=m—h

o0 oo
< DL TPl o0t D 2TIE TP 6
j=m—h j=m—h

Since the first term converges to 0 we examine the second. Let w = % and by applying (3.9) with
the absolute value instead of an £,-norm, ©™ for v; and together with the L..-estimate of the

maximal operator we obtain

oo oo

Z 2jsr||3‘\711/}m<ﬁjy””£w(cn) = Z 2j8r“yﬂg_n1+l [(Gm%‘)(w'a ) FRn+10 0 7T] H£m(]Rn+1)
j=m—h j=m—h

o0
S 2| Fgir [0 (w+, ) Frnrrv o 7] [T gty
j=m—h
o0
S Y 2TIF e Pl e
j=m—h
The last term converges to 0 as m — oo and we therefore get convergence. O

As a next step we introduce operators called paraproducts or paramultiplication operators. In
the framework of R™, these operators have been investigated for example in Runst and Sickel [72],
Johnsen [51] and Yamazaki [85,86]. The last two authors considered them in an anisotropic setting,
and all of them for integrability given by p € (1, 00).

Definition 3.2.4. Let 1 be as in Definition 3.2.1 and ; = 1/ = 0 for j < 0. Set ¢; := 17 —¢pI =1
and uj == .Z ' [¢;Fu] for u € S'(G,). We define

o0

j—2
py (o) = vy

J
i=2 k=0

o0
Up = E Ujuj_z7
Jj=2

oo
0 _ ,
oy (u,0) = Y wjo10j + ujuj +uoio,
=0

for any u,v € ' (G,).

The superscript 1 denotes the dependence on v and will often be omitted. The following result
allows us to work with the operators ;! instead of fu.
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3 Time-Periodic Anisotropic Function Spaces

Lemma 3.2.5. If all uf converge in '(Gy,), then p, exists and it holds
pop = i+ py +
as an identity in ' (G,). Furthermore we have

supp Z [v;u %] C {(k,€) € G | BY ™! < |k, &|p5 < A2} and
supp ﬁ[u]‘_ﬂ}j + U;v; + u]"l}j_l} C {(k,f) S én ‘ ‘k,f‘b’a S A2j},

for some constants A, B > 0 depending on the support of .

Proof: Convergence follows directly from

m m m
py oyl = lim > oped T Y oo g g+ w7
j=2

m—o0 , -
j=0 j=2

m

= lim E vju! +ujo’ T = lim u™ o™ = g (u,v).
m—»00 4 : m—00
J:

Since 1 € C3°(R"1) satisfies the assumptions above equation (3.23) it holds

supp Fuj C {(k,€) € Gy | Ro27 ™Y < |k, Elpa < R127},
supp Ful C {(k,€) € G | |k, €lpa < R127},

for 7 > 1. Note that the convolution of compactly supported distributions is well-defined and the
Fourier transform of a product is given by the convolution of the Fourier transform. Because the
support of convolutions is contained in the sum of the supports we obtain

) ) ~ 2] .97
Fvju?~?] C supp Fv; + supp Ful 2 C {(k‘,§) € Gn‘ Z(?Rg —R1)| < |k, &bz < R (27 + Z)}
by the triangle inequality of |k, €|, z. Since 2Ry — Ry > 0 by the properties of ¢ we derive the first
result, the second follows by the same idea. O

Remark 3.2.6. By rearranging the elements in the operators uf’ one can get rid of the restrictions
made in (3.23). For example if one takes uqf to sum over the elements v;u? 3, the restriction on Ry
and R becomes 4Ry > R;. But as these restrictions do not cause any difficulties and coincide with
the ones made in the definition of Triebel-Lizorkin spaces we will continue with the restrictions
made above equation (3.23).

As a first result we will show that p is given by the standard product w - v for v € ¥(G,,) and
u € %' (G,), and hence is an extension of this pairing.

Lemma 3.2.7. Forv € (G,,) and u € '(G,,) it holds p(u,v) = u-v as an identity in ' (G,,).

~

Proof: Lemma 1.6.2 yields convergence of (1 —¢™).Zp to 0 in #(G,,) for every ¢ € .¥(G,) and
m — oo since v satisfies (1.21) by (3.23). Now the continuity properties of the Fourier transform
imply that

FF WP~ 0] = 25 (0"~ )]

n
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3.2 Pointwise Multiplication

converges to 0 in .7 (G,,) for every v, € . (Gy). With ¢,v € .(G,,) and u € .7"(G,,) we have

m

W, 0) = (0w, 0) = W um) — (Fu, 3l = (Fu g F 5 ome] - F5 )
= (Fu "~ DF5 "~ el + (67— D F5 vl + fgjkvm — o).

n

By the stated convergence the last two arguments converge to 0 in .% (én) The term

(W™ = 1)Fu, yél[(vm —v)p]) >0  for m — oo

by the uniform boundedness of the sequence of distributions {(¢™ — 1) Zu}men C #'(G,) and

the convergence of ﬁél[(vm — v)gp] to 0. Hence we derive

(™™ ) — (v u,p) = 0 for m — co.

This holds for every v from Definition 3.2.1 and because it is independent of ¢ we conclude
wlu,v) =u-v. O

The following result can be found in Johnsen, Munch Hansen and Sickel [53, Lemma 13] in R™ and
we adopt their proof to the setting of G,.

Theorem 3.2.8. Let 1 < ¢,p< 00,1 <r < oo and s,s; € R such that sy > |s|. Then
3.25 , s.(b,a < s.(b,d@ 51,(b,@
(3.29 R Y P I I

holds for all u € Ff (b)a)(Gn) and v € Bié’,gé’a)(Gn).

Proof: We first show estimates of uf for I = 1,2, 3 for a fixed ¥. We will carry out the proof with
r < 00, but it is easily checked that the arguments can be copied for r = co. We take ¥ equal to
1o from (2.25), in particular it satisfies (3.23). Lemma 3.2.5 allows an application of Lemma 3.1.12
to obtain

(] H(Zwm )’

< H(Z 2jsr|uj|r> ?
j=2

< Jullgy .
q,p),T

q,ﬁ(Gn)

. J—2
Lq,ﬁ<cn>|‘;§§ S [PRTC

) < lleesn ) Il 6,

(ba)(G )H”U‘ o1 (ba)(G )

where the last step is an application of Theorem 3.1.8 a) since s; > 0. Next we define sg := s1+s >
0 and apply Lemma 3.1.12 to derive

>0 1
”/J’IZZ}(U’?’U” F52’£b’5)(G ) ,S H(Z 2J52T|’Uzj—1'Uj + U;jV; + ’LLj’Uj,l‘T)
e =0 La#(Gn)
e 1
(2 r)’]
Je 0 j=0 Lq,ﬁ(G")

= Il o, ol 00 g,
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3 Time-Periodic Anisotropic Function Spaces

For 1Y we take t € (s, s1) such that £ — s; < s to obtain

Mg

1
jtr|vjuj72|r> v

I ()l o0 6y 5 (3

<

An application of Lemma 5.1.5 and Theorem 3.1.8 to u’ = Zi:o ur and t — s; < 0 yields

Lq,ﬁ(Gn)

Vi

I
o

97 (t—s1) |uj| )

sup 2]81||Uj||Loo(Gn)'

; Ly.#(Gn) jeN

12 (u, “)”Ft o = H(ng W | )

S vl

qp(G )Jsup 2] 1Hv HL Gn)

s,(b,a@ v s1,(b,a@ .
F(qf,;j\(G,L)H lgze (@)

Since t, so > s we apply Theorem 3.1.8 a) to derive

(3.26) i (u,0))| IRl

5,(b,d@ s1,(b,@ .
F(q(,ﬁ)-,l(G”) ~ BT (Gn)

Hence, we are left to prove independence of the function 1. We first consider r < co. Then, by

Lemma 3.1.17, the space .”(G,,) is dense in Ff{’l(gl)di(Gn) and by Lemma 3.2.7 we get u¥(u,v) =

wlu,v) =u-v foru e S(G,) and v € Bié’,(olé’a)(Gn). So by (3.26) the operator p(u,v) has a unique

extension from .7 (G,,) to F(q(f?)az“

hence the result for r < co. Independence for r = oo follows by the embedding Ff’(b’d) (Gp) —

q,p),00

(Gy); this yields independence with respect to the function ¢ and

Fs—E,(b,ﬁ)

(@ (Gy), from Theorem 3.1.8 a), since iy, is independent of ¢ in this case. O

In general, the operator u can differ from the classical product f - g, see Johnsen [51] for some
examples. But if both elements have enough regularity we have u(f,g) = f - g, which we will show
in the following corollary.

Corollary 3.2.9. Let s1 > s> 0,1 < ¢q,p<o0, and 1 <r < oco. The operator pu coincides with
the classical product u - v, i.e., p(u,v) = wu-v, and therefore one has the estimate

||u U| s(ba)(G )N||7.L| e(ba)(G )||’U| o1 (ba)(G)

Proof: Since s > 0 Theorem 3.1.8 a) yields the embedding F( (b)a) (Gpn) — F(()C’I(gl)&;(Gn) and
0,(b,a@)

Lemma 3.2.2 implies convergence of ©™ to u in Foom, »(Gr). Hence, Proposition 3.1.24 a) implies
that u™ converges to u in L, 7(Gy). Because s; > 0 we derive the embedding B2 & a)(Gn) —
ng(ﬁ’a)(Gn) and therefore by Lemma 3.2.3 convergence of v™ to v in BOOE1 )(Gn). With the
estimate

o=, an—E:Wf "0 70 =0 ian = v = 0" o0 g,

we conclude convergence in Lo (Gr,). Since u € Ly 5(G,,) and v € Lo (G,,) we have u-v € 7' (Gy,).
It holds
u™o™ —wv = (U —u)(™ —v) + (U —u)v + u(v™ — v),

80



3.2 Pointwise Multiplication

and hence u™v™ converges to uv in L, 5 and therefore in .#’/(G,). This implies p(u,v) = u-v
because the limit is unique and thus the estimate by Theorem 3.2.8. O

As we have seen that the space B, (b )(Gn) is of importance, we give an additional way to check
if ue (G, is an element of that space.

Proposition 3.2.10. Let s € R and 1 < r < co. A distribution u € '(G,) is an element
of B& ’(b a)( G,) if and only if uwo is an element of Bf,’o(,br’a)(R x R™). Furthermore, we have the
estzmate

S llworlg

D(Gn) D(Gn)

Proof: From Lemma 1.5.12 we obtain the identity

Tk [ T (wom)] =Y ¢! "“Mnm( L) (Fu))

IEZ

Hence if uom € B ’(b @) (R x R™) then Corollary 1.5.13 implies that

o0

Z QjSTHy_l [%’y“] ||£oo(c:n)

Jj=0

. Therefore, Lemma 3.1.15 yields

with ¢; =1
2= i 27 xRr

||u\ s (b a)(G )y~ ||UO7T| s, “,’Jd)(]Rx]R")'

The converse estimate follows by the same arguments since Lemma 3.1.15 stays valid by Corol-
lary 3.1.7. O
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3 Time-Periodic Anisotropic Function Spaces

3.3 Extension Operators

As stated in the introduction of the chapter, we are going to construct a right inverse to the trace
operator with respect to the variable x,, i.e., for a distribution v € .%/(G,,—1) we want to find a
distribution u € #’(Gy,) such that u|x _o is well-defined and is equal to v. For the construction

we take @;(k, &) == ¢;(k, £, 0), which satisfies Zj @j=1on Gn_1 and

~ . o 3
supp @5 {(h,€) € G| 271 < |(h, € < 527,

For v € /"(Gp-1) we define v; = F~'¢;Fv and obtain the identity v = 3272 v; in ' (Gp-1)
by Lemma 1.6.2. Let ¢» € .(R) such that 1(0) = 1 and supp gt C [1,2]; this can be achieved
by taking the inverse Fourier transform of a positive C3°(R) function and normalising its integral
to 1. With this we define the extension operator F,, by

(3.27) E,v:= Zz/}(Qj“”xn)vj(t,m').

=0

Throughout this section we assume s € R, 1 < ¢,p' < oo, and 1 < r < co. We start by showing
that E,, is a continuous function with respect to x,,, the trace exists and equals wu.

Lemma 3.3.1. For every v € ' (Gp_1) it holds E,v € ' (G,) and Y : x, — Eyv(-,xy,) is an
element of C(R,.?'(Gp-1)). Furthermore, Env’x _o 15 well-defined and coincides with v.

Proof: We want to apply Lemma 1.6.1. Hence, we need to estimate the elements of the sum. By

Lemma 1.5.10 and using the properties of the support of F¢, ,v; we derive

n—1

_ 2
vit,a) = Y Tl (Fa, vj)ml @ T

|m|< 2529

Because (Zq,, _,v;j)m € E'(R"1), the space of compactly supported distributions, Hormander [46,
Theorem 7.1.14] yields the identity

Pt l(Fe,0)n)(@) = cal(Fo,09)ms @ €Y = e F0, 310, <),

By applying Lemma 1.5.3 to this identity we obtain an [ € N such that

i) S Y [T @iome™ NS Y sup (L KD ([ D (B50me™ ).

m|< 352" jm|< 22 g (K.€)EGH 1

We can estimate |k| by 3°27°% as otherwise the functions d,,(-) are zero, afterwards estimate the
delta distribution by 1 to get rid of the sum. This yields

oy(ha) S sup 2PV (gD (e ),
(k:E)EGn—l

Next, we estimate all derivatives up to order I. For arbitrary a € Ng_l with |a| <1 we have

IDE (B¢ ) < D 1DV (i) e €| S (1 + [a])]

<o
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3.3 Extension Operators

by (3.2). The results of Proposition 1.4.2 and (k, ) € supp ¢; yield the estimate

n—1 n—1 n—1 n—1

) 3\ @i . . - 3\ @i -

L+l <1+ Y6l <1+ Y0 IR <1+ ) (5) P <242y (5) 7 g 20,
=1 =1 1=1 i=1

By combining the previous results we derive
Joj(t 2| S 272012V (1 4 Ja'))! < 27 (1 + o)),
for some m € N. Since ¢ € .’(R) we conclude
(27w oy (8, 2")] S 27 (1 + [ |)™

and hence the estimate in the assumptions of Lemma 1.6.1 is satisfied. To prove the support
condition we note that Fg[1)(27%n.)] = 27799 FR[1h](2779.), and hence it holds

supp Zq,, [ (27" )v;] = supp Fp[v(27*" )| Fq,_, [v)]
C{en eR[ 2% <&, <2279} x {(k,€) € Gy | 271 < (k€ par < g ' 2]}
3

(3:28)  C{(k&€Cnl2-27 <|(hOha < (5 +27)2'},

where the last inclusion follows from Proposition 1.4.2 ¢) and d) since

; o 1 3 a1
27 S ‘fnla" S |(ku§)|b,6f S |(k7€/70)|b,&' + |(07£n>‘b,ﬁf - |(k7§/)|b,z_i/ + |§n|a" S (5 +2a" )2]

So we obtain convergence in .#’(G,,) by Lemma 1.6.1.

To show continuity with respect to x, we note that from equation (1.20) we derive the estimate
|(vj, \)] £ 279™ for m >0 and A € #(G,—1). Since ¥(29% z,), j € Np, is a continuous and
uniformly bounded family of functions, the series Y27 1(27% ) (v}, ¢) converges uniformly to a
bounded and continuous function for every ¢ € .#(G,_1). Convergence in C(R,.¥’(G,,_1)) yields
convergence in .’'(G,,) and hence T is an element of C(R,.’(G,,—1)). This implies that the value
at z, = 0 of E,v is well-defined, and with ¢(0) = 1 we obtain

(3.29) <[Env](t,x)|wn:0,)\> = ([Eq0)(t,2/,0),\) = <Zvj(t,xf),,\> = (v, \)
§=0
by the properties of ¢; for every A € (G, —1). O

We now state one of the main theorems of this section. Since we allow the trace to be a distribution
we can define an extension operator for every s € R.

Theorem 3.3.2. The extension operator E,, defined by equation (3.27) is a continuous map from
s—2m,(b,d")

(b,@ . )
F(q,ﬁ/),pn (Gp-1) to quf@?i(G”) and satisfies the estimate
a < an =/
(3:30) 1Bl o 6y S W0
a,7"),pn
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3 Time-Periodic Anisotropic Function Spaces

Proof: By Lemma 3.1.13 it suffices to show the estimate

(351 | o den |

5=, (b,a’) )
Pn

#(Gnily) n—1)

(¢,7"),pn
since the support of the Fourier transform of each summand satisfies the needed properties,
see (3.28). By the monotonicity of the ¢,-spaces it suffices to show the estimate for r < p,.
Since ¢ € #(R) we conclude the estimate [1)(27%"z,,)| < po.o1(¥)|27%z,|~! for every x, # 0.
Because p,, > 1 we derive

(Z|2Sjw<2jwn>vj<t,x’>|*> ans [ (Z 28fvj<t,x'>’"2-fa“> | o
zn|>1 IO zn]>1 N0
P/ o b Pn
< <bup 2( )i T, (t,z )) <Z2j“”r(z}n_l)> < (sup 2j(‘“_:¥2)|vj(t,x')|>
eNo = €N

(oo}

Z v] (t, )P

5=0

For the remaining integral we define Ay, := {x,, € R | 2=(k+han < |z, | < 27k} to obtain

Pn Pn
r

<Z|2sjw(2ja"xn)vj(t,x/)|T> da, :Z/ (Z|25j¢(2ja”$n)vj(t,x')|r> da,

jen|<1 N0 k=03 \j=0

<(2-27) 22‘“"(2@% (t, 2)|"[¥[5% + Z )20~ “””(’“*”“"vj(t,x’)T)
j=k+1
e’} k
<N ok <Z |25J’vj(t,x’)|’“>
k=0 j=0

bn
™

Pn n

j=k+1

To the last line we apply Lemma 5.1.5 with ¢ = p,,, which is possible as % and a, — ;" are both
positive. Hence it holds

Pn
ra

/ (Z |25j¢(2j“"xn)”j(t717/)|r> n S Z 270 UJ (t, )P
|zn|<1 j=0

Combining both estimates we conclude

Pn
r

/ (Z|25j¢(2j“"x7z)vj(t,:Zf/)IT) n S ZW 5oy (1,2,
R\ 20

Applying the p,-th root and the Ly (G, —1)-norm yield the estimate from equation (3.31) and
hence the result. O

As a next step we construct an extension operator to higher order derivative terms, i.e. for a
distribution v € .¥/(G,,—1) we want to find v € #'(G,,) such that 3,’1”u|x _ is well-defined and
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3.3 Extension Operators

equal to v for m € N. The idea is similar to the one used in the construction of E,,: We take a
function 1, € % (R) such that 9™4),,(0) = 1 and supp F ¢, C [1,2] and define

3.32 EMy =Y 27danmy, (2% g Yoi(t, z').
n J

The functions v; are constructed in the same way as before for a distribution v € ./(G,—1). This
operator works similar to E,,. We state all needed properties in the next lemma.

Lemma 3.3.3. The operator EI™ is well-defined and for every v € #'(Gy,) the function T,
Xy = ETv is an element of C™(R, . (Gp-1)). Additionally, B,TE,TU|I _o s well-defined and
equal to v and the estimate

(3.33)

y < cllv]

( s— anm—p— J(b,a’)

(a,9"),pn n-1)

holds.

Proof: Convergence follows directly from Lemma 3.3.1 as the additional term 277%™ only helps
with convergence. By the same lemma we derive that Z;io 2—danml (1), (299 ., )], (¢, 2') con-
verges uniformly to a continuous function for every | € N satisfying [ < m. This yields

O = 30279 Dy, (P 1, )
j=0

and hence T, € C"™(R,.”'(G,,)). By the same arguments as before we obtain the same regularity
for )", and thus the value 0, E,,v is well-defined and it holds

<3 E U|:v _0,g0 Za Ym (0)v; (¢, 2") Zv] (t,x") = (v, @)

by the properties of ¥, and v; for every ¢ € .#(G,—1). The estimate from (3.33) follows word by
word from the proof of Theorem 3.3.2 as the extra factor 2779»™ only yields regularity and causes
no need for modification in the proof. O

Remark 3.3.4. One of the problems stated in the introduction of this chapter was the question
of whether the extension preserves pure periodicity. By the construction of E,, respectively E*
this reduces to 6o.Zr[1)(27%)v;] = 0 if §o.Frv = 0 for every j € Ny, because the convergence of
the series trivially preserves this property. For A € . (én) it holds

(60 Fn[1(27% Jus], A) = (P27 0), (P [85 P a1 0] 80 (- )
= <w(2jan n)s (FG, 1, ‘PJCSO'?Z]RW 1[>‘(' xn)]>>
= (Y(2" @), (80 F10, Fn—1 [$5:F g [A(,2n)]])) = 0

for any v € P, .%(G,,). Hence the extension operators E,, and E preserve pure periodicity.
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3 Time-Periodic Anisotropic Function Spaces

3.3.1 Extension Operators in Holder Spaces

The extension of functions in Holder spaces has been studied for example in Gilbarg and Trudinger
[40, Section 6.9]. The approach used there and in other works relies on a partition of unity resulting
in estimates that always use the full inhomogeneous norm. The aim of this section is to construct
an extension in the fixed setting of a ball B, = B,.(0) C R™ with radius r such that we get
homogeneous estimates and are able to see how the radius r influences the occurring constants.
Before we can come to the main results we need to prove some auxiliary results.

Lemma 3.3.5. Let h: Bf — R be either |m or % Then

—x

1Pllga ey S 7

forall 5,k € {1,2,...,n}, all7 € Ry and 0 < a < 1. For the function on(z) : BS — R™ with

om(x) = ‘;‘m x we h(we the estimate

”(pmH/C\Jl(Bg) < (m+1)

for all r € R.

Proof: We first note that |h| < m holds independent of r. With this we get

h —h
LRI J—
z,y€B;. |x_y|a
lz—y|>r

Next up we consider the case of |x —y| < r. We want to use the mean value theorem, but as B¢ is
not convex the proof is not straightforward. As we only consider the case of |z —y| < r we need to
determine the minimal distance of the connecting line between z and y to the origin. Hence we are
dealing with the three points z,y and the origin, thus it suffices to consider the two dimensional
case. Here, a simple geometric consideration shows that the distance is at least ‘[r Since Vh is

either \;T?i”” -z or (m-ﬁi?ﬂﬁ T 4 ﬁhff ej + \rlme - e, we obtain the estimate
h(x)—h
| (l‘) (y)| S sup |Vh(§)||l‘ _ yll—a < r—a.
|z —y|* ~
y le|= 47

Combining these two estimates yields the results for h. Regarding (,, it holds

(om@) = (@) = 7| o | < Ty e
Pm\T Pm\Y)| =T |$|’rn |y|7n — ‘x|m z Y |$|’rn| ‘m z
ryllz —yl
<z —yl+ LY PN ZI "
m—1
Slp—yl+rz—yl > r"=(m+ 1)z -yl
k=0
This implies the results for ¢,,. O
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3.3 Extension Operators

Lemma 3.3.6. The functions f;,g9 : BS — R defined by f;(z) = % and g(z) = ﬁ are elements
of CO*(B¢) for all a € (0,1] and all j = 0,1,...,n. Furthermore we have

I fillco.a(mey < 3l filloor(mey <3+

)

i N

3 3
HQHCO’”(B;') < 3”9”00,1(35) < ; + ﬁ

Proof: It is clear that |fj(x)] <1 and |g(z)| < r~! hold for all z € B¢. Furthermore we have

ﬁ_&‘:‘wjly\—yjlml’g ‘IyI—IwI‘JF’ij—yj\‘ §3|x_y|§2‘x_y|7
[ [yl [yl ] ] || r
I O el P el 0 Ix—2y|

|yl || ly| || [y] r

This proves the estimates of the C%'-norm. For the C%*-norm we note that

(@) = h(y)| _ [h(z) = h(y)]

[z =yl Tz -yl
for |z —y| <1 and
h(z) —h
)~ B _
|z =y
for |z —y| > 1. This implies ||h[|5, < [[hll5 + 2[|h[|co and hence the result follows. O

With the preparations out of the way, we can state the main results of this section.

Theorem 3.3.7. Let u: B, — R be a function in C>%(B,.) for a € (0,1]. We define the function

() u(z), |z <,
v(z) =
6u<%-x)—8u<‘;|33 x)—l—?)u(%x), |z > 7.

Then v € C2%*(R™) and there exist constants Cy1,C(r),C3 > 0 such that

lvllctmny < Crllullcis,ys
[v]lc2.e@mny < Cor)|lullc2.e(B,)

IVollga gy < Cs(HVuHCO(BT)T_a + ||V“”6a<13r))’

holds for 1 = 0,1 and the constants C1,C3 are independent of r.

Proof: First, note that v and all the derivatives of u of order up to two are uniformly continuous
and therefore the limit at the boundary exists. We define the functions ¢, (z) := %x =: Y ()2,
and it holds ¢,,(z) = 1 for all x € 9B, and therefore ¢,,(x) = x for all x € dB,. This yields
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3 Time-Periodic Anisotropic Function Spaces

v € CO(R™) since the constant factors add up to 1. To prove the regularity results we need to
calculate derivatives of v and v, on Bf. It holds

NIE

aj [u o Wm} = (a’fu) © @mxkaj"/)m =+ (8ju) © @mwmv
k=1
0i0;[u o om] =Y xk0ithm Y _(010k11) 0 mx1Oithm + Vm Y _(0i0k1) © P - 24D m
k=1 =1 k=1
+ (0i) © PmDsthm + (k) 0 @k 0id;tm
k=1
+Pm > (Ok0j1) © P - TuOithm + Py (0i0j1) © P + Dithm (D51) © P,
k=1
—mr™x;
8jwm = W,
;. _ m(m+ 2)r" SN
323J1/1m = ‘.73|m+4 61(J)|$|m+2

Hence 0, = —m>% and 0;0;¢m = m(m + 2)=5: — §;(j) % for all z € 9B, It holds —2-6 + 3 -
8 —4-3=0and ¥,, =1 on 9B, hence the sum vanishes on the boundary and only the last term
remains and equals the needed derivative. We therefore have v € C!. For the second derivatives
continuity follows from 4-6 —9-8+16-3=0and 2-4-6—-3-5-8+4-6-3 =0 and by the same
arguments as before. Hence we conclude v € C?(R™).

For Holder regularity we note that by Lemma 3.3.6 the functions z0;v.m,, £10;0j, are in C%*(BE)
for all 7,4,k and ¢, is CO*(BS)" for all m. This implies that v € C*%(B¢) as products and
compositions of Holder continuous functions are again Hélder continuous. We remark that due to
©m being Lipschitz continuous the composition does not decrease the index of Holder continuity.
Since v € C#(R™), the Hélder regularity follows for the whole space as u € C?>%(B,.). The functions
Y and x;0;1,y, are uniformly bounded with respect to 7, hence there exists C; > 0 independent
of r such that

[ollct@ny < Cillulleis,)

for [ = 0,1. From the representation of the second derivatives and Lemma 3.3.6 there exists a
constant Ca(r) > 0 such that

[vlcza@ny < Co(r)l|ullcz.a(s,)-
With Lemma 3.3.5 we have

|0kt © P (2) 21000 (1) — Optt © P (Y)yx0j%hm (y)]

|z —y|*
< [Vu(p o)) 22D DL 1y, VB = el m )

S I Vulloo s,y + ml Vullga g, lomlIZ, -

Note that the same holds if instead of x0;v,, we use ¥, as the lemma holds true in this case as
well. Lemma 3.3.5 yields the independence of ||g0m|\61 with respect to r and taking the supremum
implies the result. ]
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3.4 Trace Operators

A classical result regarding Besov and Holder spaces states that B, . (R") = C*(R"), where
C*(R™) are Zygmund spaces, which generalize Holder spaces but coincide in the case where s is
not a positive integer, see Triebel [80] for details. In the anisotropic case, the following statement
can be found in Johnsen, Munch Hansen and Sickel [53, Lemma 6].

Lemma 3.3.8. For p > 0 and s € R the embedding C™*~"™(R"™) — ngoo(R") is continuous for
€[l,00)" and m < p <m+1 form € Ny and all p > s.

Our goal is to extended this lemma to G,, and extend the norm estimates of Theorem 3.3.7 to
estimates in Besov spaces of the extension v.

Lemma 3.3.9. For p > 0 and s € R the embedding C™*~™(G,,) — B (b a)(Gn) is continuous for
(b,@) € [1,00)" and m < p<m+1 form € Ny and all p > s.

Proof: For u € C™P~™(G,,) we get uom € C™P~™(R"*!) with equivalent norms. Therefore,
wom € By s (0:9) (R"*1) with a corresponding norm estimate. By Proposition 3.2.10 we conclude

u € B b a)(Gn) with the corresponding norm estimate, and hence the continuous embedding
follows. O

As a preparation for Chapter 4 we prove the following.

Lemma 3.3.10. Let u € C*Y(B,) such that Vu(0) = 0 for somer > 0. Let v denote the extension
from Theorem 3.3.7. Then

IVollgs,em g,y S IVVllcos@.) © (HuHCl(BT) +7“1_s\\u||cz(sr))

for 0 < s < 1, where the implicit constants do not depend on r.

Proof: Apply Lemma 3.3.9 to the extension v of u from Theorem 3.3.7 to obtain
IVollgs,em @,y S IVVllcos @) < llvllors @n

since v does not depend on time. Theorem 3.3.7 yields the estimate

[ollorecny S lullers,) + 2 Vullcos,) + IVullg, g,y

Because u € C?(B,.) we obtain the estimates

IVullcoes,) < rllViullcos,) and  [[Vullg, ;) < 20)' 7 1V?ullcos,)

by the mean value theorem and Vu(0) = 0. O

3.4 Trace Operators

In this section we determine sufficient conditions on the parameter s such that every function in
F‘Zé(;’)a) (G) has a well-defined bounded trace at x,, = 0 and determine the appropriate trace space
on G,_1. By the results of Sectlon 3.3 we can expect a loss of regularity of ;” and we are going to
show that the condition s > 2= is sufficient. The results of this section extend the ideas of Johnsen
and Sickel [56] to the time perlodlc setting. As it is our goal to make this thesis self-contained we

refrain from omitting proofs.
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3 Time-Periodic Anisotropic Function Spaces

One of the advantages of working in Triebel-Lizorkin spaces is that there is an easy way to define
a trace. By fixing the notation u; = .Z ~1¢;Zu for u € .¥'(G,) we derive from Theorem 1.5.11
that each u; € C*°(G,,) and hence the value uj| o 1s well-defined. So the natural idea to define
a trace Tru is

(3.34) Tou="Y ul,
j=0

We are going to show that the series from equation (3.34) converges in a reasonable sense and
coincides with the value u‘ _o Where it exists. We restrict the considerations to the case of k = n,
since this is the important case for the half space, and generally suffices when extending the theory
to domains. As in Section 3.3 we consider the case of s € R, 1 < ¢,p' < 00, and 1 < r < oo and
start by giving the main estimate of this section.

Proposition 3.4.1. Foru € F‘E(’I(;l)di(Gn) we have the estimate

a
sup o(s=5m) ,z) [P o
Z | )

z€R

< 5 (b,@ .
Lq,ﬁ/(Gn_l) ~ HU| F‘(q(.;),y)»(Gn)

Proof: It holds

(1+[(d27)7y)" luj(t, 2 2 — yn)

ui(t,x', 2 _ LT Re) Y .
st 22 = @y =0

By restricting x,, to [z + 2799 2 4 2(1=9)n] we derive x,, — z € [277%,2(1=9)] and hence the
estimate (1 + [(d27)3y|)™ < (1 + d*2%)" for y = (y',yn) = (0,2, — 2). By estimating the right-
hand side by the maximal function from (1.26) we obtain for z, € [z 4+ 277 z 4 2(1=7)en] the

estimate
luj(t, 2, 2)| S ui((d29)%t, 2/ @)

Integrating over these x,, yields

Z+2(1*J')Gn Z+2(1*j)an
(2% — 1)277% uy(t, 2, 2)|Pr = / lu;(t,2', 2)|P» day, S / |u;((d2j)a;t,:17’,z")|p" dz,,.

Z42-dan 242-dan
We multiply by 2%/ and sum with respect to j to obtain for any N, M € N with N < M

v 2T
Ny (27, 2P < Z / 1299202 (20 £, 2 ) P iy

z+2 Jan

Pn
S / Xiectoszamonyy (5D 20 (@295 1. 2)])
R eN

E 2]1% p”

We note that the term X, e[z :4+20-Nen]y can be omitted, but will be crucial in the proof of
Lemma 3.4.2 below, see (3.37). Taking the pi—th power on both sides, applying the Ly 7 (Gr—1)-
norm and using the estimate of Proposition 1.7.6 we conclude

M . N
H( 3 |2(s—#)juj(.7z)|pn> Pn
j=N

(3.35) < 12wl

Ly (Gno1) ™ ||X{In€[z 24201 - N)an]}2 JU ((d2 ||Lqp(Gn,Z )

rGaitee) < Nl -
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3.4 Trace Operators

Since the right hand side is independent of N, M and z the result follows by monotone convergence
and taking the supremum in z. O

With the previous estimate we can show that the defining series for the operator T;, converges in
Lq 5 (Gn-1) for every z € R.

Lemma 3.4.2. Let s > 2. For allu € F(gq(ll)a) (Gp) we have the estimate

oo

supH u,zH < lu
OIS

s,(b,a) .
(q,;E),r(G”)

Consequently the series on the left-hand side converges in Ly 5 (Gn—1) for every z € R.

Proof: First, we show that { E?ZO u;(t, o', z)}keN is a Cauchy sequence in L, 7 (G,,—1) for every
z € R. For N,M € N with N < M it holds

M=

|2(S* )]u ( )|pn>1’w ||2 (S* )()”epil ‘L G

2P

M
|35
j=N

<|(
quﬁ/(anl)

Il
z

J

M 1
3.36 < H 95— 52y, (. )P ) "
(3.36) (gv\ AP
An application of the first part of (3.35) yields
M
(8.37) | 3 w2, ey S Xtz ziaa- e 270 (@2) 5, i)
J:N q,p/ n—

Additionally, by the second part of (3.35), we know that sup,cy, |23ju;(b?;t,x)\ is integrable.
Hence, Lebesgue’s dominated convergence theorem implies that Z?:o u; (-, z) is a Cauchy sequence
in Ly 7 (Gr—1) and thus is convergent. Since every partial sum satisfies the estimate by (3.35) so
does the limit. Therefore, the results follows by Proposition 3.4.1 and (3.36). O

As a special case we collect the case of z = 0 in the following corollary.

Corollary 3.4.3. The series defining T,u converges in Ly z(Gn—1). The trace operator T, is

continuous from F(;Z(;)az(Gn) to Ly 7 (Gn-1) and satisfies the estimate

(3:38) 1Tl oo = || 22w 0)
=0 Q:ﬁ'(G"*I)

for allu € F2%9(@,).

(a,P),r
The natural question is now whether the operator T,, coincides with the classical trace. This is

indeed the case as shown by the following lemma.

Lemma 3.4.4. For s > 2= the embedding F?C’I(%ﬁ(Gn) — C(R,Ly 7 (Gn-1)) is continuous and
Tou = u(-,0) holds.
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3 Time-Periodic Anisotropic Function Spaces

Proof: By Lemma 3.4.2 we know that f: R — L, 7 (T x R"~1) given by f(z) = Z;io u;(-,2) is a

bounded function for every u € FZ"I(%’)&) (G). To prove continuity we note that with 7pu = u(- — h)

we obtain F ~lo; Fryu = 1, F L Fu. Applying Lemma 3.4.2 yields
1f(z=h) = f)le, ;(Gn 1) S llTnu— u\lp(séff;fl(gny

The last expression converges to 0 for h — 0 for every ¢ € #(G,,) as 7, converges to ¢ in
7 (Gy,) and hence by Theorem 3.1.8 d) the same holds true in qu(;,)aZ(Gn) Since . (G,,) is dense
for r < oo we get convergence of the expression in this case by a standard density argument.
For r = co we embed the space into a larger space with regularity ﬁ < § < sand 7 < oo by
Lemma 3.1.25. Thus we derive f € C(R,Ly 7 (Grn—1)) and by Lemma 3.4.2 we obtain convergence
of the series in C(R, Ly 7 (Gn-1)).

Therefore, because the series converges to u in ./(G,) by Lemma 1.6.2 and convergence in
C(R,Lg 7 (Gpn—1)) implies convergence in .*’(G,) we derive the continuous embedding from the
result of Lemma 3.4.2. Thus u is a continuous function with respect to the variable x,,, hence the
value u(-,0) is well-defined as an element of L, 7 (G,—1) and coincides by the previous argumen-

tation with f(0) and hence with T, u. O

We complement the results by mapping properties in the Triebel-Lizorkin scale.

Theorem 3.4.5. Let s > %. The trace operator T,, is continuous and surjective from F((}(;)ai (Gn)

(b, . .
onto F(q T)‘p(n ¢ )(Gn_l) and satisfies the estimate
[[u(-,0)] s— 21 (b,a") = [Tl s= S (b,
F(q,ﬁ’),pn n-1) (q,7" ) Pn n-1)

for allu € F(q(%a)(G ).

Proof: By Theorem 1.5.11 we know that

. 3 .
SUpp Fa, ,u5(0) C {(,€) € Gy | 27 < (B, € < 527}

Hence by Lemma 3.1.13 and Proposition 3.4.1 we obtain

oo a
quj ‘ 57%(,, “) : < H(Z|21(S—m)uj(.,0)|pn)pn
7),p nfl -:

(G

Ly (Gno1)

~Y |
Surjectivity follows from Theorem 3.3.2 and Lemma 3.3.1. O

The case of higher order traces can be shown by application of the previous results. We only need
to consider the case of differentiation with respect to the variable z,, as otherwise we first take the
trace and then apply differentiation with respect to the variables (¢, z').

Lemma 3.4.6. Let s > man +32 andu € e (b.a) (G,). The distribution (8. u)(-,0) is well-defined

(a,P),r
lan—352,(b,a’
s— a) 5 % (b,d )(anl) for every 0 <1 < m. Furthermore, the estimate

1(05w)(-,0)]

and an element ofF

s—lap— 2% (b,a’)
n

(4,7"),pn n-1)

holds for all 0 <1 <m and u € F(qu )(G ).
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s—lan,(b,@)

Proof: By Lemma 3.1.18 we get 0\ u € F(q P

(Gy) with the estimate

10y, u|

~ < || | ~
s—lan,(b,a@) SO U s (b,a) .
Fampn  (Gn) Figm,r(Gn)

Because s — la,, > ;—" the result follows directly from Theorem 3.4.5. O

For the consideration in Chapter 4 we extend the previous result to functions defined on the half
space T x R’. Recall that by Definition 3.1.30 elements of Triebel-Lizorkin spaces on the half
space always have an element in ./(G),) that coincides with them on T x R7.

Corollary 3.4.7. Let m € No. For s > ma, + 3= and u € F?{’I(gl)dz,('IF x R7%) the trace (8Lu)(-,0)
s—lan—22,(b,d .
is a well-defined element of F(q ) pn”" ( )(Gn_l) for every 0 <1 < m and we have the estimate

10%u)(-,0)]

2a S llullpe. o
s—lap— 20 (b,a') s,(b,a) -
o Gno1) ™ Fgm.r(TXRY)
(q,7"),pn

Z’Z(;’,’?T(T x R%) there exists at least one f € F?(’Z(ZZ,?)T(GTL) such that

u=f on T x R}. Lemma 3.4.4 implies that Ol f is a continuous function with respect to x,, and

Proof: To every u € F

therefore 0%, u as well. Thus the value 9!, u(-,0) is uniquely defined since it is the limit of functions in
C(R, Ly (Grn-1)) who coincide on T x R}, hence their one-sided limits coincide as well. Therefore,
we have the estimate

L) (50| ey — o =100 eray—2 o S oo g 5-
H( n )(7 )| k(q,:;;pnzz,(b,a’) L ||( nf)(? )H qu;;pn:z’(bﬁa/)(Gn—l) ~ Hf|F(q(,lﬁ),i(Gn)

Because the estimate holds for all extensions f with uniform constant it also holds for the infimum
over all extensions. O
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CHAPTER 4

The Equations of Magnetohydrodynamics

In this chapter, we consider the equations of magnetohydrodynamics and prove existence of a
time-periodic solution. Therefore, we recall the system (MHDE) derived in the introduction given
by

1
(‘3tu—Au+Vp—|—§V|H\2+(u-V)u:F—|—(H-V)H in Qr,

(MHD) 8tH —AH =V x [u X H] in Q'H‘,
divu=divH =0 in Qr,
u=0, H-n=B;, culHxn=0 on 0Qr.

The function F is a given time-periodic function on Qp = T x €, where Q C R? is a bounded
simply connected domain with outer normal vector n and boundary of class C*'. The constants
w and v were set to 1 to simplify the notation and it is readily checked that at no point the actual
values are of importance, therefore the restriction is without loss of generality. As Yoshida and
Giga [87] pointed out and we briefly remarked in the introduction the inhomogeneity B; is a given
time-independent function which corresponds to the initial magnetic field of the medium containing
the liquid. Since it corresponds to a magnetic field it must satisfy |, o0 Bi(z) do = 0. Otherwise
it could not satisfy the last equation in the Maxwell equations, see (ME), by the validity of the
divergence theorem.
Since we want to be able to deal with arbitrary large background magnetic fields Bj, see Re-
mark 4.4.5, we construct an extension of B;. Therefore, we consider the inhomogeneous Neumann
problem of the Laplace operator given by
{ Av =0 in 0,

(4.1)

Vv-n=DB; on 0f2.

This problem can be considered independent of t € T, since B; does not depend on time. It

is known that for 1 < r < oo and every By € Wi_%(aﬂ) that fulfils [, Bi(z) dz = 0, there
exists a solution v € W2(£2) to (4.1), see for example Amann [5, Remark 7.3 and Remark 9.5] or

_1
Seyfert [76, Lemma 1.4.3]. By assuming B; € wW2Tr (09Q) we derive from standard theory, see for
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4 The Equations of Magnetohydrodynamics

example Grisvard [42, Theorem 2.5.1.1] , that the solution v is an element of W3(Q) that satisfies
the estimate

(4.2) vllwz, @) S lvllws@) < ”Blnwf’%(aﬂ)
for r > 3, where the first estimate is an application of Sobolev embeddings and requires r > 3. We
set Hy = Vv and conclude V x Hy = 0, V- Hy = 0. Hence Hj is a solenoidal vector field that
satisfies the boundary conditions and is an element of Wl (Q) N W2(Q2). Furthermore, since weak
derivatives always commute we have AHy = AVv = VAv = 0. From here on we fix Hj as the
element obtained in the described way and transform the equations (MHD) via H = H + Hy to
derive

Oyu— Au— (Hy-V)H — (H-V)Ho +Vp=F 4 (Hy-V)Hy + (H -V)H — (u-V)u in Qr,

OH — AH —V x [ux Hy] =V x [u x H] in Qr,
divu=divH =0 in Qr,
u=0, H-n=0, culHxn=0 on 00,

where we defined the new pressure term p := p + %|ﬁ + Hyl?. As a first step we are going to

consider the linearization of the transformed equations. For simplicity of notation, since there is
no confusion possible, we will denote the unknown functions still by H and hence the equations
are given by

Owu—Au— (Hy-V)H—-(H-V)Hy+Vp=F in Qr,
OH — AH —V x [ux Hy] =G in Qr,
divu=divH =0 in O,

u=0, H-n=0, curlHxn=0 on d¥r.

(4.3)

Readers familiar with fluid dynamics might notice, that this system seems to be overdetermined.
In Section 4.1 we will show that this is not the case, because the Helmholtz projection commutes
with AH under these boundary conditions and that G € L, »(£2) can be assumed. Therefore, the
system is well-posed. Furthermore, we will show that the additional terms from the extension of the
boundary data can be viewed as a perturbation and that the perturbed system still has a resolvent
set containing the whole imaginary axis. The last point is of importance for the considerations in
Section 4.3.

Before we are able to make use of the perturbation results of Section 4.1 we need a good under-
standing of the unperturbed equations. In the case of the Stokes equations, i.e., the equations
concerning the velocity u, the linear theory can be found in Maekawa and Sauer [66]. Therefore,
the unperturbed system for H will be considered in Section 4.2. This will be the study of the
time-periodic heat equation with the perfect conductivity boundary condition, that is, we consider
the equations

OtH — pAH =G in Qr,
(4.4) divH=0 1in Qr,
H-n=0 curlHxn=0 on dQr,

for a given function G € P L, -(Qr). Here we only need to consider the purely periodic part,
since the stationary part was already considered, see Section 1.8. Furthermore, in Section 4.2 we
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4.1 Properties of the Boundary Conditions and Operator Theory

will see the advantage of splitting the problem via the projections P and P, and we will make
very frequent use of the theory and results developed in Chapter 3.

Section 4.2 together with the work of Maekawa and Sauer [66] allows us to apply the results of
Section 4.1 to (4.3) to conclude existence of solutions and maximal regularity in the Lg ,(Qr1)-
framework. It is worth noting that one cannot expect to obtain estimates with a constant com-
pletely independent of Hy, but we will show that if the W' (Q2)-norm of Hy can be controlled by
a constant, then these estimates will be uniform for all Hj satisfying the norm estimate.

In the last section we will combine all of the previous results and prove the main result of this
chapter, the existence of a time-periodic solution to (MHD), by an application of Banach’s fixed-
point theorem.

Recall that we use the same notation for scalar-valued and vector-valued functions, unless it might
cause confusion.

4.1 Properties of the Boundary Conditions and Operator Theory

As a first step we use the Helmholtz projection to transform the equations in (4.3) into equations
without a pressure term. It is known that for u the projection does not commute with Awu. Since
H satisfies different boundary conditions we will show that in this case the operators commute.

Lemma 4.1.1. Let 1 < p < oo and Q C R? a bounded domain of class C?. For any function
H e W2(Q) that satisfies div H = 0 and curl H x n = 0 we have AH € Ly, (). Furthermore, for
u e W2(Q) such that u=0 on 0Q and H € W2(Q) it holds curl(u x H) € Ly, ().

Proof: By (1.11) we need to show
/ AH -Vopdzr=0
Q

for all p € W;J,(Q). Since Cg°(€2) is dense in W;,(Q) it suffices to show equality for these smooth

functions. By AH = V(divH) — curlcurl H we obtain AH = —curlcurl H. The divergence
theorem with respect to curl and a vector field ¢ has the form

/ (Hxz/))~nd0:/(cur1H)~77/17H~(Cur11/)) dz.
o0

Q

Thus

/AH~chdx:—/curlcurlH~V<pdx:—/curlH~cuer<pdx—/ (cwrl H X V) - n do
Q Q Q aQ

(4.5) = / (curl H x n) - Vo do = 0.
o9

Before we start with the second case, we note that by V x [u x H] = (H - V)u — (u- V)H and
Lemma 4.4.1 below, which is applicable since we can pick ¢ arbitrarily large, V x [u x H] is an
element of L,(£2) and therefore all of the following integrals exists. It holds

/curl(u><H)-Vgodx:/(uXH)-curl(Vgo)dx—l—/ (ux HxVy)-ndo=0,
Q Q G19)

since u vanishes on the boundary and curl Vi = 0. O
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4 The Equations of Magnetohydrodynamics

With the result of the previous Lemma we apply the Helmholtz projection to the equations (4.3)
to obtain the reformulation

diu — Pyu — Py (Ho - V)H — Pyr(H - V)Ho = Py F i O,

(4 6) atH—AH—k(uV)HO—(HOV)u:G in Qr,
. divu=divH =0 in Qr,
u=0, H-n=0, culHxn=0 on 0Qr.

Here we used that G € L, »(Qr) by Lemma 4.1.1 and the identity V x [u x Hy] = (Hy - V)u —
(u- V)Hy for solenoidal vector fields u and H. An important tool when working with the Laplace
operator is the fact that it commutes with rotations, i.e., Alu(Qx)] = (Au)(Qz) for any rotation
matrix Q. In the following we are going to show that the boundary conditions of H are invariant
with respect to rotations, which will allow us to use rotations in Section 4.2.2.

Lemma 4.1.2. For every a,b € R3 and rotation matriz Q € R**3 we have

Q(a x b) = Qa x Qb.

Proof: Since @ is a rotation matrix we have QTQ) = Id. Note that with Einstein’s summation
convention we conclude

q1ja; q15b; q2j0;q3kbr — q3;0;q21by
Qax Qb= | goja; | X | q2;b; | = | a3ja5q16bx — q1505q35bx
q3;ja; q3;b; q1j;q2kbr — q20;q11bk

and hence QT(Qa x @Qb) is equal to

q11(9250;q310k — q3505921bk) + q21(93;0; G160k — q1505q310k) + ¢31(q105 G260k — q2505q11bk)
¢12(9250; G310k — q3505921bk) + q22(93;0; G180k — q1505q310k) + @32(q105 G20k — q2505q110k)

¢13(9250; G310k — q3505921bk) + q23(93;0;q180% — q1505q310k) + ¢33(q105 G260k — q2505q11bk)

Considering each component separately, we see that

[QT(Qa x Qb)]; = a;br(q1i92;q3K — 1593592k + 92i93; 01k — 92:91593k + 43:91592k — 3i92;01k)-

Hence it follows that for ¢ = k, ¢ = 5 or j = k the term in brackets vanishes. So we are left to deal
with the case of pairwise disjoint 4, j, k. Furthermore, we see that the sum on the right-hand side
is £ det @, depending on the choice of i, j, k, as we sum over all permutations of 4, j, k and the sign
of each term is consistent with the order of permutation with respect to the rest. Hence, it suffices
to check the first summand to determine the sign, thus we obtain

QT(Qax Qb) =axb,

which proves the result. O
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4.1 Properties of the Boundary Conditions and Operator Theory

For the next step we consider domains Q and 2 such that Q) = Q) for a rotation matrix Q. For
a vector field v : Q — R3 we define

(4.7 du: Q — R, where du(z) == QTu(Qx).

A simple consequence of the previous Lemma is the following.

Lemma 4.1.3. For every rotation matriz QQ € R3*3 we have the identity
curl[®(u)] = ®[curl u].

Proof: It holds
%2%35;'1% - QkQQj3ajuk
curl[@(uw)] = | gr1qj30;ur — gj1qr30jur | © Q@
qj1qr205ur — qr1q520;5us,

and therefore
Q curl[®(u)] = (curlu) o Q

by repeating the calculations made in Lemma 4.1.2. O

With this preparations we can show that ® preserves the boundary condition of H of equa-
tions (4.6).

Lemma 4.1.4. The boundary conditions H -n = 0 and curl H x n = 0 are invariant under the
transformation ®.

Proof: Note that, since cof(Q) = @, the transformed outer normal vector is given by no Q = Q1
where n is the outer normal of 2 and 7 of 2. Hence, we conclude

O(H) -1 = QTH(Qr) -7 = H(Qx) - Qn = [H(z) -n] o Q,
curl®(H) xn=[QTcurl Ho Q] x = [QTcurl H o Q] x QTn o Q = QT [(curl H x n) o Q]
= ®(curl H x n),

which completes the proof. O

To be able to apply perturbation theory, we introduce the following operators

Ay i=—=PuA, D(A,) :=W2(Q)NW, () NL, (),
By, :=-A, D(B,):={HeWQ)|H-n=0and rot Hx n=0o0n0Q}NL,.(Q),

where W} (€) := {u € WA(Q) | u = 0 on 99Q}. It is well-known that the Stokes operator A,
generates an analytic bounded semi-group on L, ,(£2) for 1 < p < co. By the results of Section 1.8
the same holds for B, on L, ,(2) for 1 < p < o0, hence the domains equipped with the graph
norm are Banach spaces. Furthermore, it is well-known for the Stokes operator that A7 = A,.
The same holds for By, i.e, By = By, see Al Baba, Amrouche and Escobedo [4, Section 3.2.1]. We
start with a continuous embedding result regarding the domains.
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4 The Equations of Magnetohydrodynamics

Lemma 4.1.5. For 1 < p < oo we get the continuous embeddings

= [Lp(Q), WEH(Q)], = Wp(Q),
o [Lp(Q),Wf,(Q)] 11,

Proof: The identity of the complex interpolation space with W;, follows from standard interpola-
tion theory. The space W () "W}, o(Q) N Ly, +(€2) equipped with the norm || - [|wz(q) is a Banach
space. Therefore, we consider the natural injection ¢ : W2(Q) MW, ((Q2) NL, 5(Q) < D(A,) which
satisfies the estimate

”L(U)HD(AP) = ||ApU||L,,(Q) + ||U\|Lp(sz) S HUng(Q)-

Thus ¢ is a continuous bijective operator and hence ¢! is continuous by the open mapping theorem.

This implies that the embedding D(A,) < W2(€2) is continuous, which implies the first result.
The second follows by the same ideas since {u. € WZ(Q) | u-n =0 and rotu x n =0 on 9N} is a
closed subset of W2(Q2) by equations (1.9) and (1.37). O

By using the introduced operators, we rewrite (4.6) into an operator setting. It holds

u A, 0 u —Py(Hy - VH) — Py (VH - H) PyF
O + + =
H 0 Bp H 7VU'H0+VH0'U G

We want to make use of perturbation results regarding closed operators and hence we define

(4.8) Sy D(Bp) = Ly(Q), Sp(H):=-VH-Hy—VHy-H,
Sy :D(Ap) = Lpo(Q), Si(u):=—Vu-Hy+ VHp - u.

The operator corresponding to our problem will be denoted by 7, and is defined by
(4.9) T, == (Ap, By) + (PuSy,52) : D(Ap) x D(Bp) — Lp o () x Ly 4 ().

For the next lemma recall that Hy € W (Q) by assumption.

Lemma 4.1.6. The operator T, from (4.9) is a closed operator with compact resolvent and there
exists A € (—00,0) in its resolvent set. Furthermore, the spectrum only consists of eigenvalues for
all p € (1, 00).

Proof: By applying Lemma 4.1.5 together with the interpolation inequality for complex interpo-
lation we obtain
1 ¢2 < < 3 3 3 3
H(PHSp7Sp)HLp ~ HHHW;,(Q) + ||u||W11,(Q)+ ~ ||H||L,,||H||D(Bp) + ||u||L,,||UHD(Ap)
< Ce)ll(u, H)llw, +€ll(Apu, ByH)|lw,

(4.10)

Hence the operator (PyS}, Sy) is relatively bounded with respect to (Ap, B,) and relative bound
0. Furthermore, with resolvent R(\, A) defined by R(\, A) = (A — X\)~1, we derive an M > 0 such
that

AR, Bp)llz(u,) + IARA, Ap)lic,) < M, forall A € (—o00,0),
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4.1 Properties of the Boundary Conditions and Operator Theory

since A, and B, are sectorial operators. Hence it holds
Ce)M
Al

Cle)M
CEOIRN Bl s, + <l BROWB e,y < )

CENBRN Ap)llc,) +ellApROA, Ap)lce,) < +e(M+1) <

N = DN =

+e(M+1) <

for fixed e and sufficiently large |A|. This implies by Kato [57, Theorem IV.3.17] that T, is a closed
operator with compact resolvent, since A, and B, have compact resolvents, and all A satisfying
the above estimates are in the resolvent. Hence Engel and Nagel [31, Corollary IV.1.19] implies
that T, has a spectrum only consisting of eigenvalues for all p € (1, 00). O

With this preparation we can show that the imaginary line is contained in the resolvent set of 7},
for all values of p € (1,00). As we have seen in Section 1.8 the Stokes operator with Navier type
boundary conditions is not invertible in a general domain and we cannot expect that the perturbed
operator possesses better properties. Therefore, the restrictions made to consider simply connected
domains are vital for the next result.

Theorem 4.1.7. Let Q C R3 be a simply connected bounded domain of class C*' and 1 < p < oo.
Then there exists some 0 > 0 such that the set {z € C |Rez < §} is contained in the resolvent set
of T, for every p € (1,00) if VHy = (VHp)T.

Proof: We first consider Lj ,, meaning we consider 75, and recall that the numerical range is
defined by

O(T) = {(T%, 7)1, , x1s,, | # € D(T), |2, ;%10 , = 1},

where (-,-) denotes the Ly scalar product. For v € D(A3) and H € D(Bs) it holds

< Aou — Py (VH - Hy) — Py (VHy - H) 7 >
ByH — Vu- Hy+ VHy - u \7

=|Vull}, + |V x H|}, — /Q(VH “Ho)u+ (VHo - H)yu+ (Vu - Hy)H — (VHy - u)H dz
= |Vullf, + IV x H|F, + / (Vi - Ho)H — (VHy - HYa — (Vu - Ho)H + (VHy - u)H dz
Q
=|Vull}, + |V x H|Z, + / (VHy-Reu)Re H — (VHy - Re H) Reu dx
Q

—|—/(VH0 ‘Imu)Im H — (VHy - Im H) Imu dz
Q

—I—i/(VHO-Imu)ReH— (VHp -Rew)Im H + (VHy - Re H)Imu — (VHp - Im H) Rew dx
Q

+2i/(VReu~H0)ImH— (VImu - Hy)Re H dx
Q

Since VHy = (VHy)T, we derive (VHp - Reu) Re H — (VHy - Re H) Reu = 0, and the same holds
for the other real-valued expression. Because u and H - n are equal to 0 on 99 inequality (1.35)
implies that the sum of the Ly-norms of Vu and curl H are strictly away from 0. Therefore, there
exists an § > 0 such that the numerical range is contained in the set {z € C | Rez > §}. We derive
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4 The Equations of Magnetohydrodynamics

from Lemma 4.1.6 that the operator T5 is closed and (T3 — A) is invertible for some A < —1. Hence
Kato [57, Theorem V.3.2] implies that the set {z € C | Rez < ¢} is in the resolvent set of T5.
Next we want to show that this holds for all p € (1,00). As we only have to deal with eigenfunctions
it is clear that for p > 2 the result is true, since it holds W2(Q) < W3(2). For 1 < p < 2 we
consider the adjoint operator. If we take u € D(A,), H € D(B,) and v € D(A,), M € D(By ) we
obtain from the calculations above, VHy = (VHj)T, and using the fact that the dual operator of
Pr on Ly, is Py on Ly that

< —Pu(VH - Hy) — Py (VHy - H) v >_< u Pu(VM - Hy) + Py (VHy - M) >

“Vu-Hy+ VHy-u o H Vo - Hy — VHy - v
This shows that D(A,) x D(B,) is contained in the domain of 7. Since (A,)* = A, and
(Bp)* = By we conclude by the same calculations as in (4.10) that ([PgSp]*, [S2]*) is relatively
bounded with respect to (4, B,) = (4}, B,) with relative bound 0. Because on D(A,) x D(B,)
it has the same form as T}, but with —Hj instead of Hy. Hence Hess and Kato [44, Corollary 1]
imply that the operator calculated above is indeed the adjoint of 7},. By our calculations from
before we see that the choice of Hy has no influence on the existence of § > 0, as long as it satisfies
VHy = (VHy)T. Therefore, the set {z € C | Rez < d} is contained in the resolvent set of T, for
p > 2 and all Hy with the stated property. Since the resolvent set of T}, is just the resolvent set
of T,y mirrored at the real axis, see Kato [57, Theorem II1.6.22], we conclude the results for all
1 <p<oo. O

4.2 Time-Periodic Solutions to the Heat Equation with Perfect
Conductivity Boundary Conditions

In this section, we will deal with the question of time-periodic maximal regularity of the following
differential equations

OH — pAH = f in Qr,
(4.11) divH =0 in Qr,
H-n=0 cuwlHxn=0 on dQr,

where ) is a bounded domain of class C%!, not necessarily simply connected, with outer normal
vector n, f € P1Lgpo(2r) and p € R\ {0} are given, whereas H : Q — R? is the unknown
function. The function f is given as a purely periodic function, since the stationary part was
investigated in Section 1.8. We start our consideration in the whole and half space and recall that
G, =T x R™.

4.2.1 The Whole and the Half Space

In the case of the whole or half spaces we study the slightly modified problem and consider

8tH—MAH:f in Q']I‘,
H-n=0

(4.12)
curlH x n =g on 0,

where = R? or R}, and f and g are given functions. In the case of R* we omit the boundary
data and briefly prove existence of a solution and suitable estimates. The proof relies on multiplier
theory and is in principle known, but since we are dealing with different powers of integrability
with respect to time and space we give a short proof.
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Lemma 4.2.1. Let 1 < ¢g,p < oo, p € R\ {0}, and f € P1L,,(G3). Then there exists a unique
solution H to (4.12) in PLW}2(Gs) and a constant ¢ > 0 such that

(4.13) [ lwi2 () < ellfllg @

holds. If f € P1Lg p+(G3) then the solution H satisfies div H = 0.

Proof: The result follows from m(k,§) = ilk16£|(§’c|)2 being an L, ,(G3)-multiplier, the same holds

if it is multiplied by ik or £% for |a| < 2. Details can be found in Kyed and Sauer [61, Lemma
5.2]. Their arguments combined with Theorem 2.2.5 and Theorem 1.3.1 yield a solution that
satisfies (4.13). Since all f € Ly, »(G3) satisfy F ~1[¢ - Z f] = 0 the same holds for H and hence
divH = 0.

Suppose that there are two solutions H and B in P J_Wé;i(Gg). The difference H — B satisfies
(ik + plé|*)Z (H — B) = 0 and therefore supp % (H — B) C {(0,0)}. Because 0 = PH = PB we
obtain 0 = Z[P(H — B)] = éo - # (H — B) and thus H = B since (0,0) ¢ supp.#[H — B]. O

Before we consider the half space we briefly show identities regarding the boundary conditions.
The outer normal vector to Ri’_ is given by —eg and it holds

(4.14) H|8Ri n=0 < H?,|8R1 =0,
(4.15) curl H|ppe xn = | 0sHy — O1Hy | X | 0 [ = [02H3—03Hy | = | —0sHa
01Hy — 0o H, -1 0 0

Lemma 4.2.2. Let 1 < ¢,p < oo, p € R\ {0}, and f € P1Ly,(T x RY). Then there exists a

unique solution H € PLWL2(T x RY) to (4.12) with g =0 and a constant ¢ > 0 such that

HH”W}Z;i(TxRi) < C||f||Lq,,,(Tx]Ri)

holds. If f € P1Lgpo(T x R3) then the solution H is solenoidal.

Proof: We extend f in the following way: for i € {1,2} we set

i =

fila', —x3) x3 <0,

= {fi(xlvxS) z3 > 0,

and for the third component we define

x {fa(wl,mz’,) x3 > 0,

f3 - —fg(l“/, —333) x3 < 0.

Since this procedure extends an arbitrary function g € C%, (T x R3) to § € C§%,(G3) we obtain
that f € P1Lgpo(Gs) if f € PiLgpo(T x RY), because C3%, (T x R3) is dense in Lg, »(Gs).
Lemma 4.2.1 yields a unique solution H € P; W}2(G3) to (4.12) which is solenoidal if we further
assume f € P1Lg, (T x RY).
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Hence, we are left to show that the restriction of H to T x R‘i satisfies the boundary conditions.
For this we define

B(t,x) := Hy(t,2', —x3)e1 + Ha(t,2', —x3)es — Ha(t, 2, —x3)es.

It holds (0 — pA)B = f and, since the solution is unique by Lemma 4.2.1, we derive B = H. This
yields Hs(t,2’,0) = —H3(t,2’,0) and hence H-n = Hs = 0 on TxdR3. by (4.14). Furthermore, we
conclude 93 H;(t,2',0) = —03H,(t,2’,0) for i € {1,2} and therefore 93H; = 0 on T x JR3.. Finally,
identity (4.15) implies curl H x n = 0, and thus H satisfies the boundary conditions of (4.12) and
hence is a solution to this system. Additionally, by (4.13) we derive

||H||w;;§(ier§r) < HHHw}I;f,(TxRB») < CHf”Lq,p('erRS) < QC”f”Lw(TXRi)'

To prove uniqueness let u be a solution to (4.12) with f = g =0 and ¢ € Ly, (T x R}). By our
previous arguments we find a function v € W[ll}’zp, (T x R%) to (4.12) with right hand side ¢, g =0
and —p instead of p. Hence, it holds

// uwdx:// u(@tv—i—uAv)dx:// (=0 + pAu)v dz =0
T JR3 T JRS T JR3

by integration by parts. Lemma 1.3.2 finally yields v = 0 and therefore uniqueness. O

For the consideration in Section 4.2.2 we need to show similar estimates for inhomogeneous g # 0.
With the help of the results of Sections 3.3 and 3.4 we have the following.

Lemma 4.2.3. Let 1 < g,p < 00, u € R\ {0},

—£,(2,1)
q,p),p

1
fEPILy(TxRY), and g=(g1,92,0) € P.F (Ga).

1

Then there exists a unique solution H € PLWL2(T xRY) to (4.12) and a constant ¢ > 0 such that

,2
Py

H g o ) < (1M oxmt e gl amgan )

(a,p),p

If f € PiLgpo(T x RY) and divg =0 on R?, then the solution H is solenoidal.

Proof:  From (4.14) and (4.15) we conclude that the boundary condition simplifies to the
Neumann boundary condition dsH; = —g; for ¢ € {1,2} and the Dirichlet boundary condition
H; = 0. Lemma 3.3.3 together with Remark 3.3.4 yields the existence of a purely periodic func-
tion G = (G1,G2,0) € PJ_F?;Z()if;(T x R3) such that G fulfils the boundary conditions in (4.12)
and satisfies the estimate

4.16 G 1 < _1 .
(4.16) 16Ny S Ml s g o

(q,p),p

By Corollary 5.2.2 we can apply Lemma 5.2.1 to h = — diV[G|’]I‘><]R3 | and obtain a purely periodic
T

function Vo € PLW,2(T x RY) such that div(G + Vv) = 0 and G + Vv satisfies the boundary
conditions in (4.12) since curl Vv = 0. Proposition 3.1.32 yields G € Wé:g(Gg) and thus

(0, — A)[G+ Vv] € Ly, (T x RY).

104



4.2 Time-Periodic Solutions to the Heat Equation with Perfect Conductivity Boundary
Conditions

Hence, Lemma 4.2.2 yields a solution H to (4.12) with right hand side f — (9; — A) (G + Vv] and
g =0. Then H := H + G + Vv is a solution to (4.12) and we obtain the estimate

| H s

S(TxR?}) < Hf”Lq,p(TxRi) + ||G||w}1;f)(1r><Ri) + ||vv||W<113?)(T><Ri)

S Hf”Lq,p(ﬂeri) + ||G||w;;§,(G3)’

where we used (5.8) and (5.6) to estimate Vo by G. Proposition 3.1.24 and (4.16) yield the stated
estimate. Uniqueness follows from Lemma 4.2.2, since the difference of two solutions solves (4.12)
with f =¢=0.

Let f € Lgpo(T x RY) and divg = 0 on R?. Since div(G 4+ Vv) = 0 it remains to show

(0y — A)[G + Vv] € Ly po(T x RY)

to conclude divH = 0 by Lemma 4.2.2 and obtain div H = 0. The time derivative stays in
Lgp.o(T x R3) in view of (1.10). By the identity of (4.5) we derive

J

. AlG(t,z) + Vu(t,z)] - Ve(z) dz = /R2 [curl G(t,4,0) X e3] - V(y,0) dy

= [ 02,00 Vol 0) dy

for any ¢ € W}g, (R3). The last identity follows from the construction of G. The restriction to the
boundary of R% is an element of C§°(R?) for every ¢ € C§° (@) Hence the last integral vanishes
for all these ¢ by the properties of g, i.e., divg = 0. S~ince C3°(R3) is dense in Wll,, (R3), we derive
that A[G+ V] € Ly, o (Qr) from (1.9). Therefore, H is solenoidal and thus H, which implies the
result. O

Remark 4.2.4. The purely periodicity of f was essential in the previous results to obtain solutions
that are elements of W}“Q) If the right-hand side f contains a stationary part, then the stationary

part of the solution H is only an element of WZ and hence H is no element of W2 For details
we refer to Kyed and Sauer [61].

4.2.2 Bounded Domains

We have collected enough preparing result to show time-periodic maximal regularity of (4.11) and
hence introduce

Xy2(Qr) :={H e Wp2(Qr) | divH =0, H|,, - n=0, curl H| ., x n = 0}

as the space in which we want to show maximal regularity. The identities of (1.9) and (1.37) yield

(4.17) (H(t,") n,@) = /QH(t,x) -Vo(z) dz + /Q div H(t, z)p(x) dz,

(4.18) (curl H(t, ) x n,4) = /

curl H(t, z) - curl ¢ (x) do — / curl curl H (¢, x) - ¥ (x) dx
o

Q

for o € W (Q), v € W), ()%, H € Xp2(Qr) and almost all ¢ € T. Thus X22(Qr) is a closed
subspace of Wi:2(Qr).
The following considerations require a few transformations, hence we state the following result.

105



4 The Equations of Magnetohydrodynamics

Lemma 4.2.5. Letk € N, ¢ : Q; — Qy be a C*-diffeomorphism between two domains Qp,Qy C R™
such that ||Vellci-1a,) + Ve cr-1,) < C for some constant C > 0. Then u — uo ¢ is a
WE(Q2) — WE(Q1) homeomorphism and a WER(T x Q) — WER(T x Q1) homeomorphism for
every l € Ny and every 1 < p,q < oo.

Proof: We start with p € [1,00) and first show that the W’;(Ql)—norm of u o ¢ can be estimated
by the W’; (Q2)-norm of u. By the uniform boundedness of ¢ and integration by substitution it is
clear that the L,(€1)-norm of uo ¢ can the estimated by the L, (€2)-norm of u. Let o € Njj be an
arbitrary multi-index with |o| < k. By a multivariate version of higher order of the chain rule and
integration by substitution we can estimate the Ly, (Q1)-norm of D*[u o ¢] by the W¥(Q)-norm
of u, since there are only finitely many derivatives in the norm of W’;(Ql). This already yields
the result, because we can repeat the above steps with ¢! instead of . The case of p = oo
follows by the same arguments. The transformation ¢ does not act on T; therefore, it extends to
a homeomorphism WEE (T x Q5) — WLR(T x Q). O
Because the following calculations get a bit intricate due to the boundary conditions, we introduce
some necessary concepts to ease the understanding. Let w : R? — R be a given C!(R?)-function,
n denote the normal vector of

(4.19) R = {zx € R®| 23 > w(zy,z2)}
and v the normal vector of R. For p_, : R} — R3 it holds

Voo = cof(Vo_,)n (Vo)™ ™ (Vp,)Tn
Y Jeof (Vo—w)n|  |(Veo—w) Tn|l  |(Vew)Tn|’
(Vipuw)Tn o gy

[(Vepw)Tn o pul’

(4.20)

vV =

Lemma 4.2.6. Let Q C R3 be a bounded domain of class C*' and 1 < q,p < oo. Then the

operator
(8t — A) : 'PJ_X;?)(QT) — ,PJ_Lq’p’U(Q']I‘)

is injective and has dense range. Furthermore there exists a constant ¢ > 0 such that
(4.21) H w20y < C(H(at —A)H|L, @0 + ||H\|Lq,p<m>>

for all H € PLX12(Qr).

Proof: We start by proving injectivity and recall that the equations

iAu—Au=f in ),
(4.22) divu =0 in Q,

u-n=0, curluxn=0 on J9Q,

admit for every f € Ly, »(€2) and every A € R\{0} a unique solution in W2(£2) by Theorem 1.8.1. Let
u e PLXL2(Qr) satisfy (9; — A)u = 0. Then [Zru](k,-) € W2(Q) is a solution to equations (4.22)
with right hand side 0 and A = 2%]{ for all k € Z \ {0}, and hence [Zqu](k,-) = 0 because the
solution is unique. By u being purely periodic we derive [Z1u](0,-) = 0 and thus injectivity.
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To prove dense range of the operator, we note that Theorem 1.8.1 yields the existence of a solution
v to (4.22) with right hand side f € L, ,(Q) and A = 2%k for any k € Z\ {0}. Therefore,
u(t,x) = e"F*ty(z) is an element of PLX12(Qr) and satisfies (8 — A)u = fetFHF_ The span of
this type of functions is dense in P, L, »(Qr) by Lemma 1.3.4, because applying the projection
to the stated dense set of Lemma 1.3.4 yields a dense set of P Ly p, »(€21) by the continuity of P, .
Hence we obtain dense range of the operator.

To derive (4.21) we consider an open covering of 2 by m(§) balls B; of radius §. To this covering
we find a partition of unity ¢; such that Z;n:l ¢(x) =1forall z € Q and ¢; € CF(B;). For every
He PLX;:%(T x Q) we define H; := ¢; H and, since H = Z;nzl Hj, we start by showing estimates
for each Hj. If B; C Q, we can extend H; by 0 outside of Bj to a function in W}-2(G},) and hence
Lemma 4.2.1 yields the estimate

1H w20y < el @ = AVH, L, on)

(4.23)
<l (0 — A)H|lL, ,(on) + cllHAp; —2VH -Voj|lL, )

Next we consider 9Q N B; # (). By the properties of € the boundary part B; N 9S2 can be written
as a graph of a C*!-function. By rotation and translation we can assume that (z1, 2, 0;(x1,22))
denotes the boundary part with o; € C1(B;) and 0;(0) = Vo;(0) = 0. Here B, is the intersection
of B; with a two-dimensional plane. Without loss of generality, assume that Ej are two-dimensional
balls around the origin with radius 6. Lemma 4.1.4 implies that the rotated and translated H
remains an element of P, X2 and since the operator (9; — A) commutes with rotations and
translation and the corresponding norms are equivalent, see Lemma 4.2.5, it suffices to prove an
estimate in the stated setting. Theorem 3.3.7 yields an extension of o; to w; defined on R? for any
7. Hence we are able to define

Yo, tRE — Rij with ¥y, (2) := (71, 22, 23 + wj (@1, 22)),

where Ri’,j is given by (4.19), and it coincides with © N B; on the support of ;. In all these
transformations the translations are omitted since they are without any influence. To suit the
boundary conditions, we define

V,H :=Viy_,,Ho,,.

The functions ¥;H; can be extended by 0 outside of the support of ¢; to functions on T x Ri and
we denote H o), by H with the same meaning for ¢; and H;. To apply Lemma 4.2.3 we need
to determine the inhomogeneities f and g. It holds

(0 — A (Hy) = W;(9:H;) — A(F;H) + Al(Vew;,0) - ¢ H]es
= V(00 H) — G;AH — 2VH -Vg; — AG; H
+ (V2w 0) - G + 292, V(G H) + (Y, 0) - A ) e
= V(0. H) — §;AH — 2VH - V§; — A H + T(3; Hj).
To keep the expressions somewhat short we set
AH = [AH +20;VH - (Vw;,0) + |Vw;|205H + Aw;05H| 0 ¢y, = (AH) 04, + L(H) 0 ¢,

where 1), acts on w; as the identity. By writing Vi_,,, =: Id +A; with A; := —e3 ® (Vw;,0) we
obtain
(00 — A)V;(Hy) = ¢ (0 H — AH) 0 thy; + G5 Aj(0iH) © ooy, — G5 L(H) 0 ¢y,
—2VH -V, — Ag;H+T(¢,H).
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Next we consider the boundary conditions of ¥;(H;). As stated in (4.20) we have the identity
v= (Vi) noty,| (Vi) noty,| ! and therefore

(H.) v = H o . (vwwj)-rno'l/}wj - ((ij.n)O’(/}UJj .
\I/](HJ) V—V¢—wg‘¢JH wwj- |(Vij)Tno¢UJj| = |(v¢wj)Tn01/ij| =0

since H -n =0 and Vi, = (Vw_w].)fl. For the second boundary condition we derive

D[(=Vw;, 1) - (9 H) 0 Yo, ] — O5[(p; H2) 0 o]
curl[W; (H;)] = | 05[(¢; Hy) © tu,] — O1[(=Vw;, 1) - (0, H) 0 by, ]
A [(pjHz2) 0 Yu,] — O2[(pj Hi) 0 thu]
(=VOow;, 0) - o;H + (=Vw;, 1) - 92(p; H) + (= Vw;, 1)03(p; H)Ozw; — 03(; Ha)
= | Os(p; Hr) + (VO1w;,0) - 9 H — (=Vwj, 1) - 01(p;H) — (= Vwy, 1) - 93(p;H)Orwj | © Y,
01 (pjH2) + O5(p; H2)O1w; — 020 H1) — O5(0 H1)Orw;
(=Vw;,1)05(p; H)Oaw; — (VOaw;, 0) - o H — (Vw;, 0) - a(0; H)
= cwrlHj oy, + | (VO1w;,0) - @ H + (Vw;,0) - Oi(p; H) — (= Vw;, 1) - O5(p; H)Orw; | © Vs,
93(pjH2)01w; — 05(pjH1)Oaw;

The normal vector v to Ri is —e3 and hence

(Id —AT)n o ¢y,
[(Id —AJT)n 01y, |

curl[V;(H;)] x v = [(p; curl H) o 1, ] x + (Voj x H) o, xv

(=Vw;, 1) - 03(p; H)Ow; — (VO1w;,0) - 9 H — (Vw;, 0) - 91 (p; H)
+ (*V&Jj, 1)63(gojH)82wj — (V@ij, 0) . (ij — (ij',()) . 82(50JH) o '(/)wj
0

63[(ija 0) - n] o ww]‘
(=ATjmo s,

= [(ipj curl H) 0 by, ] x + [V x H] oty x v

(=Vwj, 1) - 05(p; H)O1wj — (VO1w;,0) - p; H — (Vw;, 0) - 01 (p; H)
+ (—ij, 1)63(@jH)82wj - (V(’)gwj, 0) . (ij — (ij‘,O) '82((,0jH) © ¢wj~
0

Note that we used curl H xn = 0 to omit the identity matrix in the first term. To keep the notation
in the following estimates somewhat short we recall that H = H o Y,,; and shorten (VH) o,
to VH, meaning that a function VH is still composed with the transformation 4),,; but no chain
rule applies, whereas to a function VH the chain rule applies. With this convention Lemma 4.2.3
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yields the estimate

1 Hjllwiz rxrey S 950 = D) Hln, , (rxr2) + 195450 H |1, , (rxr2) + 03 LIH) L, , (mxr3)
+2|VH - Vi, »(TxR3) T HA%‘gHLq »(TxR3) T HT(@J‘FI)”L” TxR2)

es[(Vw,,0
+ H[(<p~curlH)] BRYE H
! |(1d — AT n| Fa p) P (Gz)
+ |V, x H|| ,_1 + IV [(w;,0)] - @ H|| -1
1905 % Bl mpan o+ 190500 ], g

HIVGH) - (T Ol g+ T 1)l O

(a,p),p 2

+(=Vw;, 1) - 05(0 H)Oowj | i-3

(q,p),p

(G2)
= ||D(p; H HLq,,(ier y H I R(p; H )||F1—%‘<2,1>

(q,p),p (G2)

From this point on the region of integration of any Lebesgue or Sobolev norm will be the intersection
of the half space T x Ri with the support of ¢; if not stated otherwise. We are going to estimate
the term D(p;H) first. For this we note that ¢;, ¢;, w; and all their occurring derivatives are
uniformly bounded. It holds

ID(ps Dl ,axrs) S 10 = M) Hlle,, + VAL, , + |,
(4:24) + Vsl (10 I, , + AR 1, , + lps0sVH]L,, )
11V 2. s H

Using the identities 93V (p,; H) = 93¢, VH + p;0sVH +93H @ Vip,; + H® 93V, and 03(p; H) =
023 H + 203005 H + ¢, O3 H, absorbing the terms of lower order of derivatives of H into the first
line of estimate of the right-hand side of (4.24) by Lemma 4.2.5 and applying said lemma to only
get terms of H or H; j, we obtain

(425) 1D H)le, o) S 1@~ A)Hn,, + 1 E lgos + [V . 1z

Next consider R(y;H) and recall Corollary 3.2.9, allowing us to estimate products in the Triebel-
Lizorkin norm, and Corollary 3.4.7, which grants estimates of the trace, to derive

IR oo S 1905 % o ey + 19250 g o BesH e

(a,p),p 2

TVl MV H) 0 Wl o r.cms
‘[(ij,O)%]H )
1—51 (2,1
|(Td—AD)n] s 2" 62

+ HVWJH 1-gb.(2, D(G )”(ija l)HBl—%,@,m Gg)||S0jH‘|F?f;(v2))1=;(TXR3').

oo oo 00,00 (

+ |[lg; curl H] o ¢y, HFléfj)f;('ﬂ‘xRi)

Note that 03 commutes with the transformation 1, hence we directly applied Lemma 3.1.33.
Furthermore, we chose s; =1 — QL >1-— % in the application of Corollary 3.2.9. Lemma 3.3.10
implies that the Besov norm of (Vw;, 1) and Vi)_,, are uniformly bounded since we can, with-
out loss of generality, assume that the radius of the balls satisfies § < 1. Furthermore, we
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have [V(p;H)| o ¢, = V(p;H) - Vi_,,;, hence applications of Lemma 3.1.34, Lemma 3.3.9 and
Lemma 3.1.33 yield

1 1 9 1 1
IR g o S I s + 152 ey I, Iy

2

(a;p);p
FIVesllorgs g 1o ez e
(4.26) [(Vw;,0) - n]
IV Meycoces a2t oo e

[(Vw;,0) -] ‘
|(Id —AT)n]

Ve Hllgt e s ) "3 (G

Before we continue we remark that we can exchange G5 by R? in the norms of w; since the functions
do not depend on time, and because it is clear that w; is defined on R? and o; on Bs, we will omit
the domain in the Holder norms. It holds

< IVwjllco [l =AT) [ lco + [II(1d =AD" o [[(Vew;, 0) - nll - 2

[(Vw;,0) -]
(I —AT)n|

O % (G
+ [Vwjlleoll[(Td —AT) |~ &o [l (Id —Ajnll -

Recall that the matrix A; has the form —e3 ® (Vw;,0). Theorem 3.3.7 yields [|[Vw;||comz) <
Cillojllcr(ss)- Since the compact boundary is of class C?1, we can choose § small enough, such
that we have C1||o;|c1(p,) < 3 for all j as 0;(0) = Vo;(0) = 0. This implies |(Id —AD|Tt <2
and because the normal vector of the boundary has a uniformly bounded C''-norm, we conclude
with Theorem 3.3.7 and Lemma 3.3.10

S llojller + 1Vwill oa-g + llogllo [(Ad =AD o1

[(Vw;,0) - n]
|(Id —AT)n|

1
0,1— 54
(@] 2p

1

Sllojller + llojller 4+ 6% [|ojllcz + llojller [1 + ||ng‘|\co,lfﬁ]
1 1

Sllosller [L+ llojller + 02 llojllce] 4 627 ||oj]lce.

Since the boundary is compact, the C?'-norm of ¢; is uniformly bounded with respect to j and 4,
and for 6 < 1 it holds

S llosller + 6% [|oylce-

1
11— 5=
c®* 3

[(Vw;,0) -]
(Id —AT)n|

Repeating the arguments used to obtain (4.26) together with Theorem 3.3.7 and Lemma 3.3.10 we
conclude

IR g o

1 1
<SCONHIE,  HI G
(4.27) (a:p)p “r

(G2)
+C(llollcr + 6% e llos Hllys

with a constant C' > 0 independent of §. By combining the estimates of (4.25) and (4.27), we
derive

195 H s 2 ams ) < Ol @ = A)H]le,., + CllH lgox + Cloller |l 2

1 1 1
+ CONEIL, H 1 +C(losllor +6% loslica ) s Hllysz-
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Since the matrix Vi_,,, is invertible with (Vw_wj)_l = Vi), and both are uniformly bounded,
we have that the VV1 2_norms of V_ w;H and H are equivalent. Next we choose ¢ sufficiently
small so that the VV1 j%—norm of H; on the right hand side can be absorbed by the expression on
the left-hand side. Note that ||O']||Cl gets smaller with smaller § since ¢;(0) = Vo,;(0) = 0. This
yields the estimate

1 ~ 1
(4.28) |Hllwz S 10 = A)Hlle,, + 1 Hllwes + IHIE 1.

Here we applied Lemma 4.2.5 so no transformations occur. Since J is now fixed, we obtain finitely
many ;. By summing up over all of them and using ) ¢; H = H together with the estimates (4.23)
and (4.28), we obtain a constant K > 0 such that

1 1
(4.29) |Hllwz < K@~ D) HIw,,, + K Hlwos + KINHIE, 1H] g

Now we apply the standard inequality
(4.30) lullwie) < C@)llull, @) + ellullwz@),

see Adams and Fournier [1, Lemma 5.2] for example, to the second term on the right-hand side
of (4.29) and Young’s inequality to the third one in a way that the factor in front of ||H||\y1.2 and

| H o2 is 1. Hence, the estimate (4.21) follows by absorbing the higher order terms. O

As a next step we will show that in (4.21) the extra term |H|lr, (1) can be omitted by a
compactness argument.

Theorem 4.2.7. For every 1 < ¢,p < oo and every f € P Ly, o (1) we get a unique solution H
to (4.11) in PLX}2(Qr) and a constant c(p, Q) such that

(4.31) H kw22 0y < €l (@ = nA)HL, @) = IfllL, , @0

Proof: Let us first assume that (4.31) does not hold. Therefore, we find a sequence of functions
{Hk}keN C 'PLX12(QT) such that HHk”W}”% =1 and ||(8t — A)Hk”Lq,p — 0 for £ — oco. By
Lemma 5.1.8 we get a subsequence {Hkn}nei\; that converges weakly to some H in W2 2(Qr). The
weak convergence implies convergence of the integrals in the equations (4.17) and (4.18), hence
the limit H satisfies the boundary conditions. As weak convergence implies convergence in D’ ()
the function H is purely periodic. Furthermore H satisfies (4.11) with f = 0, since the right
hand side converges to 0 by our assumptions. Therefore, we obtain H = 0 by Lemma 4.2.6. The
compactness result of Lemma 5.1.8 yields || Hg, ||, , — 0 for n — oo. This results in a contradiction
by Lemma 4.2.6 since

1= hm HHk ”Wl 12,('JI‘><Q) hm (H(ath)Hkn

Lo p@) + [ Hr, L, ,00) = 0.

Hence, the operator
(0 — A): PLX}]:}%(QT) — P1Lgp,o(Qr)

has a closed range and by Lemma 4.2.6 it is a homeomorphism. Consequently, the operator is
invertible and we obtain a unique solution to every f € P L, , ,(Qr) which satisfies (4.31). O
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4.3 Perturbed Linear Theory

Now that we have shown important estimates for the unperturbed system, we will consider the
perturbed linear system and construct unique time-periodic solutions with suitable estimates. The
system is given by

Ou—Au— (Hy-V)H—(H-V)Hy+Vp=F in Qr,
OH — AH —V x [ux Hy] =G in Qr,
divu=divH =0 in O,

u=0, H-n=0, curlHxn=0 on Q.

(4.32)

Here 2 C R? is a bounded simply connected domain of class C*! and the functions F € L, ,(Qr)
and G € Ly p - (€27) are given. Since we are directly considering the problem on a bounded domain
and do not need to apply any localization methods as in the proof of Theorem 4.2.6, we do not
need to split the problem into a purely periodic and a stationary part. In order to show existence
of a solution to (4.32), some ideas of the proofs of Lemma 4.2.6 and Theorem 4.2.7 are needed.
Hence, recall

Xy2(Qr) :={H e Wp2(Qr) |divH =0, H|,,-n =0, curl H|,, x n = 0}

and introduce
Y;:g(QT) ={ue W;fg(QT) | divu =0, u|aQ = 0}.

Theorem 4.3.1. Let 1 < q,p < oo, (F,G) € Ly p(Q1) X Lypo(Qr) and Hy € WL (Q) with
VHy = (VHy)T. Then there exists a unique solutions (u, H,p) € Wo2(Qr)* x W0 1(Qr) to (4.32)
such that

(4.33) llws 20y + 1t 20y + I9lwort oy < €09) (1PN, ) + G, 00 )

where the constant c(k) can be chosen independent of Hy if || Hollw (o) < & is satisfied for some
constant k > 0.

Proof: We introduce the operator

Zy(u, H,p) : YLQ(QT) X X1’2(QT) X \/N\SZ;(QT) = Lgp(Qr) X Ly po (1),

a,p q,p

Zyp(u, H,p) := (0 — A)(u, H) + (Vp,0) + (S, (H), S5 (u)),

with S; and Sg as in (4.8), and show that it is a homeomorphism. We start by showing that Z,, is
injective and assume Z,(v, B,p) = 0 for (v, B,p) € Y 2(Qr) x X}2(Qr) x WSZ;(QT)' By applying
the Helmholtz projection Py we see that

2T

iz k(Frll(k, ), ZzIBl(k, ) + T (Frll (k. ), FrlB](k, ) = 0
for every k € Z, with T, given as in (4.9). Hence, by Theorem 4.1.7 we derive Zp[v](k,-) =
Fr[B](k,-) = 0 for every k € Z and, by the properties of the Fourier transform, v = B = 0. Thus,
Vp = 0 since all other terms of (4.32) are zero, and therefore injectivity follows because we are

considering the pressure to be in {N\SZ;(QT).
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As a next step we will show that the operator has dense range. Lemma 1.3.4 implies that the span of
or(t) == e"FFh is dense in Ly ,(Qr) if h € L,() and dense in L, (1) if b € Ly, o (). Therefore,
it suffices to construct a solution of (4.32) with right-hand side (ei%ﬂ”f, e Fmig) for every I,m € Z,
f e Lp() and g € L, (). By the results of Theorem 4.1.7 we find solutions (u;, H;) and
(U Hyn) such that i 221 (u;, Hy) + T, (uy, Hy) = (P f,0) and i 22m(u, Hp) + Tp (i, Hy) = (0, )
with w;, u,, € D(A,) and Hj, H,, € D(B,). By the properties of the Helmholtz projection, see
Lemma 1.3.8, we obtain corresponding pressure terms p; and p,, such that

Zp<eletul +ez7_mtum’ez7_ltHl +€7,Tthm’ez7_ltpl + et Tmtpm) _ (62 Tltf, esztg).

Since f, g, m,l were arbitrary, we derive that the operator Z, has dense range.

To prove that the range of Z, is closed we consider (u, H,p) € Y 2(Qr) x X} 2(Qr) x W1 (Qr)
and define us := Pu and u; := P, u with similar definitions for Hy, H, and Vp,, Vp,. Then u,
solves

Opuy — Auy +Vpy = (Zp(ur, Hi,p1)), — Sy(Hy) inQr,
divu =0 in Qr,

u’ag =0, on 0.

For the last part it is important that Hy is independent of time, since otherwise the projections
would not commute with the operators S} and S2. Since the right-hand side is in P Lg,(Qr), we
obtain by Maekawa and Sauer [66, Theorem 4.11] the estimate

lusllwez o + 1IVRLIL, 00 S 1Zp(w, Hp)lL, @) + 1S5 (H)|Iv.,., () -
Here we additionally estimated the terms on the right-hand side by the continuity of P, because

it commutes with derivatives. The stationary part u, solves the same equation without the time
derivative and therefore Galdi [35, Lemma IV.6.1] implies the estimate

usllwr2 o) + 1VPs e, @) S 120 (us H, )L, (20 + 19, (H)IIL, (20

To estimate H; and H, we employ the same idea and use Theorem 4.2.7 and Proposition 1.8.2
instead of the result of Maekawa and Sauer or Galdi, respectively, to obtain

1 )y + g1y S 12000 BBl e + 1 (SECED). S20) 0
Similar to (4.10) we obtain
1(Sp(H), Si(w)) L, ) S e(Ho)ll(u, H)[lwo.r o) < Cle, Ho)ll(u, H)|lL, o) + &l (u, H)llw2 (a0

by using (4.30) instead of Lemma 4.1.5. Choosing ¢ suitably small and absorbing the highest order
terms by the left-hand side yields the estimate

(439) 11 )z + 1Pl 0y < 2o By 0 + cCH) (0 H) e, 00

We want to show that inequality (4.34) holds without the lower order term on the right-hand side
and a constant depending on Hj as stated in the theorem. For this, we assume that the inequality
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4 The Equations of Magnetohydrodynamics

does not hold in the stated form. Hence we find a sequence {(un, Hp,Pn)}nen and a sequence
{H{'}nen such that

s ) gtz o Il ) = 1 1l oy < 5 and

||Zp(uannapn)||Lq)p(QT) — 0 for n — oo.

Without loss of generality we can assume that p,, has mean value 0 and hence p,, € Wg)’;(QT) by
Poincaré’s inequality. Therefore, by Lemma 5.1.8 we find a subsequence {(un, , Hn, , Pn, ) }ren that
converges weakly to some (u, H, p). Because L;(2) is separable, we obtain a subsequence { H)* } ken
and a Hy € WL (Q) such that HJ* converges weakly-* to Hp in Lo () and {VH{* }ren converges
weakly-* to VHj in Lo. Furthermore, Hy satisfies VHy = (VHg)T as each Hj* does. For any
v € C(Qr) we have

(Hy*upn, — Hou, p) = (Hy*upn, — Hy*u, ¢) + (Hy* — Ho,up) — 0 for k — oo

since u,, converges strongly to u in Wg:})(QT) by Lemma 5.1.8, H'* is uniformly bounded in L. (1),
and up € L1(Q21). Repeating this argument implies that all terms in Szl) and Sf, converge weakly
in the same way. Because (0; — A)(u, H) converges weakly, we obtain that (u, H, p) satisfies (4.32)
with right-hand side F' = G = 0. Since the operator is injective, we derive (u, H,p) = (0,0,0) and
the compactness of Lemma 5.1.8 implies ||(un,,, Hn, )L, @) — 0 for & — oco. This results in a
contradiction with (4.34) because

1= klingo ||(u"k’an)||Wé:i(Q-ﬂ-) + ”p"k‘HVAVZ:é(QT)

< kILH;o HZP(’U’TLMHnwpnk)HLq,p(QTr) + C(HO)H(unwan)||Lq,p(QT):| =0.
Hence, we derive the estimate
(435) 1 B2y + DBl sy < 08) 1250t H ),

for any Ho € W (Q) such that || Hollw1_ (o) < x and VHo = (VHy)T. This further implies that the
operator has closed range and thus is a homeomorphism. Therefore, we obtain a unique solution
of (4.32) for every F' € L, ,(Qr) and G € L, ,»(Qr). By Poincaré’s inequality and (4.35) we
conclude

I B w2y + IBllwort ) < (m)I(F. )l e

for any Hy € WL () with the stated properties. O

4.4 The Nonlinear Problem

We recall the non-linear problem after the transformation with the extended boundary data given
by

dyu— Au— Sy (H) + Vp = F(Ho)+ (H - V)H — (u-V)u in Qr,

(4.36) OH — AH —V x [ux Hyl =V x [ux H] in Qr,
) divu=divH =0 in Qr,
u=0, H-n=0, rotHxn=20 on 0Qr,
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4.4 The Nonlinear Problem

where we used the abbreviations S}(H) = (Ho - V)H + (H - V)Hy, F(H) = F + (Ho - V)Ho,
and added $V|H + Ho|? to the pressure. We are going to show existence of solutions to these
equations by a fixed point argument, based on the results of Theorem 4.3.1. As a first step we
provide estimates of the nonlinearities in the following lemma.

Lemma 4.4.1. Let 1 < p,q < oo such that 2 + <3 and u,v € VV1 2(qu) Then it holds
1(w - V)vllL, @0 S ||UHW;;§(QT)||U||w}z;§(91r)-

Proof: The idea is to apply Holder’s inequality with — +a= E and + + i = 5 where ¢;, p;
with 4 € {1,2} are chosen appropriately such that Corollary 3 1.35 is apphcable and yields

[(w - VullL, ,@0) < llLg. @0 IVVlIL,, @0 < lullwi2 oo lvllw 2 -
Since the condition 2 —i— < 3 is equivalent to ¢ > 3~55 for p > 1 we consider the following three

cases.

. Forp23andq>1weconsidera:ﬂ:%<1toobtainq0:2q, q1 = 2q, pp = oo and
p1 = p, which covers all possible combinations.

3p—3

e For p < 3 and q > ij 3 we consider o = < 2 and conclude ag > 2. Hence, choosing
3 3
ﬁanswellasq():oo,p():%,ql:qandplzﬁwededucepio—i—pil:%.

e For % + % = 3 we consider a« = § = % and obtain q% + q% = %, similar to the first case, and

1 1 6-3p+2%2
P P 3p p
Hence the estimate holds for all stated p, gq. O

Remark 4.4.2. Note that the condition % + % < 3 is justified by the embeddings of Corol-
lary 3.1.35, because it occurs naturally from assuming the worst embeddings for all p;, ¢;. A
straightforward calculation shows that in fact with the stated embeddings no other combinations
are possible. For example, assuming % + % >3 and o > % yields (2 — a)p < 3 and (1 — B)p > 3,
which already is a contradiction since it implies % + % < 3. The other cases follow similarly.

With this preparation we can state and prove the main existence theorem.
Theorem 4.4.3. Let 1 < p,q < oo such that % + % < 3. To every k > 0 and ||Hollw1 (o) < K
there exists an € > 0 such that for all F € L, ,(Qr) satisfying

|+ (Ho - V)HollL, o) < €

there exists a unique solution (u, H,p) € W2 (Qr)? x WSZ;(QT) to (4.36).

Proof: We are going to show existence of a solution by Banach’s fixed point theorem. To apply
this theorem we define the operator

€Y 2(Qr) x XE2(Qr) x WoL(Qr) — YE2(Qr) x XE2(Qr) x WoL(Qr)
F(Hy)+ (H-V)H — (u-V)u

L(u, H,q) = Zp) :
V x [ux HJ
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4 The Equations of Magnetohydrodynamics

with Zﬁol as the solution operator given by Theorem 4.3.1. By the same theorem we know that
ZI}; is a continuous operator with norm bounded by a constant ¢(k), independent of Hy as long
as |[Hollw1_(a) < #. Hence it holds

1€(u, H, q) w12, < C(H)(HF(Ho)IILq,,,(QT) +I(H - V)HL, @0 + [(w- VullL, @)

1V x [u x ]|, o0

Since V x [u x H] = (H - V)u — (u- V)H, we can apply Lemma 4.4.1 to obtain

2
(4.37) 1120w, H, 0)llws2(00) < ) (IF + (Ho - V) Holle, 00 + 1wz 2 + el 2 an] )-

a,p

We want to show that £ is a contracting self-mapping on balls with sufficiently small radius é > 0.

Choosing (u, H) € [YL2(Qr) x X}2(Qr)] N Bs, 6 < ﬁ and € < %, we conclude from (4.37)

0 2
H 1.2 < <
||£(’U,, aq)”Wq:p(QT) — C(H)(2C(I€) + (5 ) >~ 5,

hence £ is a self-mapping on ([Y;:;(QT) x X22(Qr)] N ?5) X Wgzé(QT). Furthermore we obtain

|1 £(ur, Hi,q1) — E(UQ,Hz,%)HWéZi(m) < c(w)|VHy - Hi = VHs - Hallv, o)
+ (k) [[IVur - w1 = Vuz - us|lv, o) + IVHy - ur = VHz - sl , 0]
+ (k) ||Vuy - Hy = Vg - Ha|lL, (-

Since all terms above have the same structure we are going to show the estimate for one, because
the rest easily follows by the same idea. We use the estimates of Lemma 4.4.1 to obtain

IVHy - uy — VHs - usll, ) < IVHy - up — VH; - uzl, (op) + [[VH1 - u2 = VHz - uslr, o)
< ||H1||w}1;§(QT)H“1 - U2||w;;§(QT) + HU2||W;;§(QT)HHI - H2||w;;§(QT)

< 0(Jlur = uzllwiz o) + 11 — Hallwrz q,))-

Combining all previous estimates yields

£, Ha,a1) = £(uz, Ha,02)llws 2 o) < 40606) ([l = wallwz 2,y + 1 = Hallyaz o) )

Hence by restricting ¢ further to § < ﬁ we derive

4
H'g(ulth Cll) - ,Q(UQ,HQ, qQ)H\)V;:i(QT) S gH(UlthCh) - (u27H27q2)Hwé:§(QT)7

and therefore there exists a unique fixed point (u, H,q) € Y2(Qr) x X12(Qr) x Wg:zl,(ﬁqr) and
thus a solution to (4.36). O

We collect the results of this chapter in the following corollary, which will state the main existence
result of time-periodic solutions to the equations of magnetohydrodynamics (MHD).
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4.4 The Nonlinear Problem

Corollary 4.4.4. Let 1 < p,q < oo such that % + % <3 and § > 0. For every B; € Wi_%(aQ)
with r > 3 and r > p such that

4. B = B a1
(4.38) [E@dr=0 and By

o0

there exists an € > 0 such that for all F € Ly ,(Qr) satisfying
(4.39) |F'+ (Ho - V)Hollr, , (0r) < €

there exists a solution (u, H,p) € WL2(Qr)? x WOl (Qr) to (MHD). Here Hy is the extension of
B constructed by (4.1).

Proof: For every Bj satisfying (4.38) there exists an Hy such that Hy-n = B; on 09 and
[ Hollw @) < HBIHWQ’%(BQ) by solving (4.1) and using (4.2). Hence we transform (MHD)
into (4.36) via H = }fl + Hy. Therefore, we obtain by Theorem 4.4.3 a solution (ui, Hy,q) €
W22(Qr)? x WO L(Qr) to (4.36) for all F' € Ly, (Qr) satisfying (4.39) with suitable ¢ > 0 depend-
ing on 6. We set (u, H,p) = (u1, H1 + Ho,q+ 3|H1 + Ho|?) and obtain a solution to (MHD). Since
|Hy + Hyl|? is an element of W{:1(Qr) by Lemma 4.4.1 and Hy € W, (©2), by choosing the g with
mean value zero we employ Poincaré’s inequality to obtain q € Wg;})(QT) and hence p € WSZ;(QT)'
Because Hy € W2(Q2) with r > p the regularity of H is obvious and hence the results follows. [

Remark 4.4.5. The smallness assumptions in Corollary 4.4.4 and Theorem 4.4.3 may seem a bit
odd, since they depend on the choice of extension of the boundary data B;. But as stated in the
introduction, the magnetic field on the boundary is the intrinsic field of the medium containing the
boundary. So if for example the data Bj is given by By - n for any constant By € R, then (4.38) is
satisfied and (4.39) reduces to smallness of F since all other terms vanish because Hy is constant.
Hence, Corollary 4.4.4 implies that for every constant magnetic field Hy in the background there
exists a strong time-periodic solution to (MHD). In the case where Hj is not constant we are
still able to show existence of solutions if either Hy is small or the change in the magnetic field
compared to the magnetic field is small, i.e., the expression VHy - Hy is small, see (4.39).

Remark 4.4.6. The regularity assumption of B; is natural in the case of p > 3, since we know
1

91
that the trace H - n is an element of W, ?(99Q) by standard theory. So only in the case of p < 3
it is necessary to demand additional regularity.
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CHAPTER D

Appendix

5.1 Auxiliary Results

In this section we will provide a variety of useful results, ranging from estimates over identities
to properties of some function spaces. We start with an identity needed for an application of
Theorem 1.3.1.

Lemma 5.1.1. Let f; € CYR) be positive functions for j = 1,2,...,n, g € C*(R™) and set
hz) =1+ Z;;l fi(z;) for allx € R™. Then for every a € {0,1}" the identity

x o] D g(x)) [1r—, (fi(z;))"
prtl) -3 5 (gD ()
k=0~eNy,
ik

holds. The second sum is over all multi-indices v € Ni with the stated properties.

Proof: We prove this by induction over |a|. For |a] = 0 the identity holds true since the sum
has only one element. We assume that the identity holds for some m € Ny and take |a| = m + 1.
Therefore, we find o € N} with |o/| = m and o = &’ + ¢; for some | € {1,2,...,n}. Hence we
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obtain

o]

Da@ Do‘+ez 9(x) Z Z (Dalﬂg(x))

h() o oy h(w) T+
7<a0:
lv|=Fk
bl D“‘”Q(%))H’L (ff ()™
DIDNE i
k=0~eNy,
y<a/,
Iv|=k
|| a—y—e n / Vi
(Der=crg(@) IT5=y (F5(x5)) 7 fi (1)
k+1 k Jj=
+I;MGZNO, +1)! h(x)2+k
y<a/,
[v|=Fk
- (D g(@) TT5y (£5()) ™
*Z Z h(x)32+1k :
k=0 yeNZ,
v<a,
lvI=k

Since the functions f; only depend on one variable and o € {0,1}" no second derivatives of f;
occur. The last identity follows by comparing the elements for fixed k. In the first sum the function
g has at least a derivative with respect to x;, in the second sum ¢ will never be differentiated with
respect to x;. L]

The following result is well-known for homogeneous functions of any degree and we extend it to
anisotropic scaling.

Lemma 5.1.2. Let @ € (0,00)" and f € C®(R™\ {0}) with anisotropic scaling, i.e., f(t%z) =
t*f(x) for arbitrary s € R and x € R™ \ {0}. Then for any o € N} it holds

(5.1) (D f)(t72) = £ DO f(x).

Proof: We are going to prove this by induction over |a|. Let o € N be arbitrary. We find
j€{l,2,...,n} and v € N so that v+ e; = @ and || = |a| — 1. For the base case 7 is just zero.
Therefore, it holds

(DY) (%, ..., t% )+ h,... t%2,) — (DY f)(t%)

(D*f)(t%) = (D D7 f)(t7) = lim

h—0 h

— lim (D'Yf)(t‘“xl, . ,taj (.’lfj + t%)’ . ,ta”.fb'n) — (D’Yf)(ta.ﬁ)
h—0 tajta%

— lim ts_’Y.E [(D’yf)(wh ceey Ly + %7 v ,.’Iin) - (D’yf)(l‘):l
h—0 tajt%

— ts—'y-ﬁf—ej-ﬁf lim (D’Yf)(xlv <oy Ly + h7 s 733n) — (D’Yf)(.l?)

h—0 h
= D0 f(2),

which proves the assertion. O
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As stated in the beginning of Section 2.1 the following inequality of the Dirichlet kernel Dy is
fundamental.

Lemma 5.1.3. Let K € N, 1 <p < oo and Dk : T — C with Dk (t) = 7““([52?(”);]&. Then there
x
exists a constant ¢, > 0 such that

_1
I Dkllr, ) < cpK' 77

holds.

Proof: To simplify the notation we set R = ZK + 7. On [f%, %] we have the estimate
| 47| < |sin(t%)| and since D is T-periodic we conclude

2 e sin(Rt) |? T |sin(Re)[?
( TK+ L ) ID&IE, ¢r) =R1—P/ “in(Rt) dtSRl_p/ SR | gy
T T P T |sin(tF) | 7
T .
:Rl_p/R2 1 51n(8) pds
RT R R2T
P
< (W) / sns) | g e,
™ R S
The last integral converges because p > 1 and the integrand is continuous on R. O

We collect some estimates regarding sequences in the following results. The first extends the result
of Brezis and Mironescu [18, Lemma 3.7] from R = 2 to arbitrary R > 1.

Lemma 5.1.4. Let —co <51 <s9 <00, R>1,0<¢g< o0 and 0 < 0 < 1. Then there exists a
constant c(R) > 0 such that for every sequence {a;} ., we have

(R a;}jenolli, o) < el{R" @z} jemo ] o) LB a5} semolly - (n
with s = 0s1 + (1 — 0)s4

Proof: The case of ¢ = oo is obvious, so we consider ¢ < oo and furthermore we can assume
that the right hand side is finite, because otherwise the inequality is obviously true. We define
Cy = |Ra,|;.. and Cy = ||[R*29a;l|;. . Because s; < s we have C7 < Cs and thus find a jy such
that

Cy

1

(5.2) Rio(s2—s1) < 22 < RUo+1)(s2—51)

By definition R*|a;| < C; and hence |a;| < C;R™* for all j € Ny and ¢ = 1,2. This implies

KR a5} jenf, = 30 B ayft+ 30 R9ayf? < 37 RE-9907 + 3 ROeincy

7<Jjo J>Jjo J<Jjo J>Jjo
< Z R(s_sl)quiI + R(s2=s1)q Z R(S-Sz)jqcileo(Sz—m)q
i<jo Jj>jo

< R(52fs1)qcil Z Rs—s1)ia | Z R(s—s2)iq Rio(s2—s1)q
7<Jjo Ji>Jjo

R(s—s1)iq

— C‘IR(Sz 51)qljo(1-0)+1] Z TR + Z R(s—s2)ia+io(s2—s1)0q
R(s2—s1)30(1—0)g

J<jo J>Jo
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The definition of s implies s — s1 = (s2 — s1)(1 — 6) and s — so = —0(s2 — s1). Applying these
identities together with (5.2) yields

H{staj}jeNo”?q < QI R(s2=51)alio(1=0)+1] Z R(s2=51)(—jo)(1-0)a | Z R0(s2—51)(Jo—7)

J7<Jjo J>jo
q(1-6)
CCIR(S2 s1)jo(1-0)q < C«qc — 099 a(1-9)
C q(1-0) 1 2 ’
which proves the assertion. O

The following lemma is stated in Johnsen and Sickel [56, Lemma 4.2] and in Johnsen [52, Lemma
2.5] but without a proof, which we will give here. It extends the ideas of Yamazaki [85, Lemma
3.8.]

Lemma 5.1.5. Let s € R with s > 0 and q,r € [1,00]. Then there exists a constant ¢ = ¢(s,q,r)
such that for every sequence (bj)jen, C C it holds

| {2sj<§: |bkr)i}jeNo H = C’|{23jbj}jeNo’|eq’
=j Ly

{2Sj(§;|bkr)i}jeNo H = CH{Qﬂjbj}jeNoHeq'
= Ly

For r = oo the sum has to be exchanged with the supremum.

Proof: We first consider 1 < ¢ < r < oco. By the monotonicity of the ¢,.-spaces and Fubini’s

Jex,

theorem we have

()

For r = 0o or r = ¢ = oo the proof holds true, if one exchanges the sums for supremums. For
1 <r < g < oo we apply Hélder’s inequality with 1 < £ < oo to the £;-norm of |bx|" to obtain

q

e

k
< ZQS](J Z |be|? = ngkq‘bﬂq ZQS(J'*k)q

k=0 =0
5 ||{2Sjbj}jEN0||€q'

o N 0o 0o oo o a—r
QSJ-( ) ) } 9sia|} QQs(k—j)%( 2*S<’H><3ir>z>
‘{ DI RS S D) Bk:a 1 by "
k=j J=0k=j k=j

q

8

q—r

k=0

S 2 ij}jeNngq-

For ¢ = oo we derive

oo 1 r
957 ( ‘bk|T) r } < sup 98] sup oksr |bk‘r 9= (k—j)sro—jsr
‘ { kZ:J j€No j€Ng keNg ;

1
= sup 2ke|bk‘ sup (ZQ (k— j)sr) _ CH{zksbk}keNngoo

k€N J€eNo \ § y
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This proves the first assertion for all p,r € [1, o0].
To prove the second estimate we start with 1 < ¢ < r < oo and use the monotonicity of the
£,.-spaces and Fubini’s theorem to obtain

o d 1
i (500}

For 1 <r < g < oo we repeat the previous ideas and apply Holder’s inequality with 1 < ¢ < oo to
the ¢1 of |bg|" and conclude

q

o) J ) o0
< Z 9—sjq Z b |7 = Z 9 ska|p, |4 Z 9—s(i—k)a
¢, 3=0 k=0 k=0 j=k

q

< ||{2_Sjbj}jeNoHZq'

q

oo J J ) - a—r
ZZ sjq|bk|qzsu—k>%(ngs@fk)(qz—m)
7=0 k=0 k=0

00 q—r

< Z 2—skq|bk|q Z 9s(k—7)% ( 9k v)z) "
k=0 Jj=k

k=0

3=

}jEN

(L)

‘1

= ||{2_Sjbj}jeNonq'

Repeating the previous arguments includes ¢ = co. Exchanging the sums for supremums includes
r =00 and ¢ =7 = oo and hence the result. O

As stated in the beginning of Section 3.1 the following result is justification for calling E;i homo-
geneous Besov spaces.

Lemma 5.1.6. Let 1 < p,r < oo, let @ € (0,00)" and %: =3 Z—j Then it holds

u(2")]

BYT(R) — BLY(R)
for all k € Z if either of the norms is finite for u € .%'(R™).
Proof: As a first step we calculate some identities. For f € #(R"), g € .(R) and a € R it holds

Tl [@TNE) = [ J@T)e™ S dr =27 [ fy)e B dy = 2790 Fie [1)(2797),
Rn Rn

—ka
925 IL,® =277 llgll,®):

with obvious modifications for p = co. The first identity extends by duality to v € /(R™) and
applying the second one inductively yields

(6:3)  Feolu@®) = 2T @), T (2] = 2 T (270,
(54) )Ly =27 F 1 -
Therefore, by the properties of ¢y, see (2.27), we have

Uy (O F ()] () = 27597 Vg (€)(Fu) (27 E)] (=)

=27 MAF7 g,k (27M9E) (Fu) (2749)](2)
ik (&) Fu(€))(2 ).
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We combine the previous results, so that the identity

ZQJST " — Z2jsr

r

F by Fu) (28|

F o5 F M) ()

JEZ p jEZ P
_ Z 2(j7k)s7‘+ksr7kr% y—l [(é]fkyu} () )
jEL P
=27 Y 2| 7 7] ()|
JEZL
holds. O

In the isotropic case it is known, that L,-regularity of a function in a homogeneous Besov EA%;T(R")
implies that the function is already an element of Bj .(R™), see Triebel [80] for details. We are
going to extend this result to the anisotropic case in the following lemma.

Lemma 5.1.7. Let s € R with s > 0. The norms || - || &~ + || - ”ﬁsﬁ(Rn) and || - |

By (rn) are

equivalent norms on B;"z(]R") for all1 < p,r < co.

Proof: Important for the following estimates is the identity ¢;(0,-) = ¢; for j € N, see Defini-
tion 3.1.2 and (2.28). It holds

r

0
fnien S | 2 YIF 0T flien |+

j=—o0

[e.°]

1]

2. F 9 F FIIT ey
1

]I

IN

0
> PINF il I iy |+ 1F -

j=—00
By (5.3) and (5.4) we have ||.Z ¢, &) = [|.F *¢o|l, (&) and because s > 0 we obtain

/1

ey < I gy + 1y ey < 260571

By )

Theorem 3.1.8 yields || f||r &n) < Hf”Bg"f(Rn) < |If]

The opposite direction follows from

B (Rn) and hence the first direction.

T

17l ey < 1250000, F Fll ey + [ 3025717050, 1y
T =1

oo T

S lip@ny + | D0 PTNF 6 F ey | = el f iy + 1]

j=—oc0

Byt (R’

since ¢;(0,-) = ¢; for j € N. O

The following lemma extends well-known results of Bochner spaces on (0,7) x © to the time-
periodic setting. The result was needed in Section 4.2 to improve an estimate.
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Lemma 5.1.8. Let Q C R™ be a domain. For 1 <p,q < oo and k,l € Ny the spaces Lq ,(Q1) and
WEL(Qr) are reflexive. If Q is bounded and I,k € N the embedding Wk (Qr) — Wk L1=1(Qr) is
compact.

Proof: By standard theory it is well-known that L, ,(T x Q) = Lg(T,L,(£)) is reflexive since
L,(€2) is. The space W5 (Qr) can be seen as a closed subspace of Ly, (€)™ for some m € Ny, for
details see Adams and Fournier [1, Chapter 3], and hence reflexivity follows from standard theory.
The trivial embedding into Wi (Qr) < WEL((0,T) x Q) implies compactness, because it holds
in this case and the norms coincide. O

5.2 Lifting of the Divergence

We extend the results of and Farwig and Sohr [33] of solving a divergence problem with right-hand
sides depending on time t € T. We follow the ideas of Maekawa and Sauer [66], but give additional
details and explicitly investigate the time regularity of the solution. Let O be either R™ or R”,
recall Opr = T x O and omit boundary conditions for R™. Before we start, we need to introduce
the space W;l(()) for 1 < p < oo. It is given as the dual of Wzl)((’)) and for v € W;l((’)) the norm
is given by

(v, )
[l G-1(0) = sWP_ 5T —-
WO T @ Vel
»#0

For more details see Farwig and Sohr [33, Chapter 1]. Note that these spaces allow for a trivial
extension from R’ to R™.

Lemma 5.2.1. Let 1 < q,p < oo, h € W[(Or) and h € W;(T,W;l(O)). Then there exists a
unique solution Vv € WL2(Or) to

Av=h  inOr,
(5.5) { v meT

Opv =0 on 00r.

Furthermore, there exists a constant ¢ > 0 such that

(5.6 Vol o) < (It 0 + 1y -1 )

Additionally, if h is purely periodic so is Vv, i.e., Vv € PLW;?,(OT).

Proof: We start with the whole space R™. For almost all ¢ € T the function h(t,-) is an element
of W (R") N W, !(R") and hence by Farwig and Sohr [33, Section 2] there exists a unique weak
solution Vu(¢,-) € L,(R") to

Vo(t,z)Ve(z) de = h(t, z)e(x) dz
Rn Rn

for all ¢ € C5°(R™). This solution additionally satisfies

(5.7) /G Volt,2)V(t, 2) d(t, z) = / ht, 2t 2) d(t, z)

Gn
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for all ¢ € C3°(G,) = C5°(T x R™). By taking ¢(t,2) = ¢1(t)¢2(z) with ¢1 € C>*(T) and
Yo € CF°(R™) we see that (5.7) has a unique solution Vv € Ly ,(G,) for every h € Ly(T, W, ' (R™)).
The additional regularity of h with respect to space yields Vu(t,-) € W%(R") by Farwig and
Sohr [33]. Integrating the estimate of Farwig and Sohr over T yields

”VU”WSZQJ(GW) 5 ||h||W21113(Gn) + ||h||Lq(’]I‘,6\V;1(R"))'
Since 9;h(t, ) € W\;l(R") for almost all ¢t € T, we obtain a unique solution Vu(t,-) € L,(R™) that
satisfies (5.7). For ¢ € C3°(G,,) it holds

(ath, V’L/)> = —<V’U, V@ﬂﬁ) = —<h, &ﬂ/}) = (8th,1/)>

Because the solution is unique, we derive 0;Vv = Vu € L, ,(R™). This implies (5.6) because 0, Vv
satisfies the estimate

100901l 6 = IVl () S 101, 0 G-y

by integrating the corresponding estimate of Farwig and Sohr.

In the half space we extend the given element h by an even extension to the whole space, i.e.,
Eh(t, o', xp) := h(t,a’, —x,) for z, < 0. Since this extension adopts the regularity of h we obtain
a unique solution in the whole space. The restriction to the half space solves (5.5) and it is well-
known that it satisfies the boundary data, see for example Farwig and Sohr [33, Remark 2.1] or the
proof of Lemma 4.2.2. Because the construction of the solution leaves the time variable invariant,
the purely periodicity of Vo follows directly from h. O

We will give a short corollary for conditions in which Lemma 5.2.1 is applicable to O = R’.

Corollary 5.2.2. Let G € Wp2(T x R%) such that G(t,2',0) - n = 0 for all (t,2') € Gn_y
and n denoting the outer normal vector to R}. Then Lemma 5.2.1 is applicable to h = divG.
Furthermore, it holds

(5.8) ||h||W2’1(’IF><R1) + ”hHWé(’H‘,W;I(Ri)) S ||G||W;;§,(1rxﬂa1)'

Proof: Let ¢ € C3°(T x R%), we have

/ div(G)(t, z)p(t,z) dt dz = — / G(t,z)Vp(t,z) dt dz+ / o(t,2’,0)G(t,2’,0)-n dt da’.

’]1‘><]R1 TXR:’; TxRr—1

Hence the estimate follows for div(G), because the boundary integral vanishes. Repeating the
previous calculations with 9;G instead of G yields the second result, because the time derivative
remains zero on the boundary. O
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